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ABSTRACT
VISCOUS SHOCK LAYER ANALYSIS OF HYPERSONIC 
FLOWS OVER LONG SLENDER VEHICLES
KAM-PUI LEE
OLD DOMINION UNIVERSITY, 1988 
DIRECTOR: DR. SURENDRA N. TIWARI
A method fo r  s o lv in g  th e  v is c o u s  s h o c k - la y e r  e q u a t io n s  fo r  
h y p e r so n ic  flow s over long s l e n d e r  b o d ie s  i s  p r e s e n te d .  The govern ing  
e q u a t io n s  a r e  so lv ed  by employing a s p a t i a l -m a r c h in g  i m p l i c i t  f i n i t e -  
d i f f e r e n c e  t e c h n iq u e .  The two f i r s t - o r d e r  e q u a t io n s ,  c o n t i n u i ty  and 
normal momentum, a r e  so lv ed  s im u lta n e o u s ly  a s  a coupled  s e t .  T h is  
method y i e l d s  a s im ple  and c o m p u ta t io n a l ly  e f f i c i e n t  te c h n iq u e .
Flows p a s t  h y p e rb o lo id s  and s p h e re  cones w ith  body h a l f  a n g le s  o f  
f i v e  to  35 d eg rees  a re  c o n s id e re d .  The flow c o n d i t io n s  inc luded  a r e  
from high  Reynolds numbers a t  low a l t i t u d e s  to  low Reynolds numbers a t  
h igh  a l t i t u d e s .  D e ta i le d  comparisons have teen  made w ith  o th e r  
p r e d i c t i o n s  and ex p e r im en ta l  d a ta  f o r  s l e n d e r  body f low s .
The r e s u l t s  show t h a t  th e  co u p l in g  between th e  c o n t i n u i ty  and 
normal momentum eq u a t io n s  i s  e s s e n t i a l  and ad equa te  to  o b ta in  s t a b l e  and 
a c c u ra te  s o l u t i o n s  p a s t  long s le n d e r  b o d ie s .  Both th e  Cebeci-Sm ith  and 
Baldwin-Lomax tu rb u le n c e  models a re  found to  be adequate  f o r  a p p l i c a t i o n  
to  long s le n d e r  b o d ie s .  Using th e  c o r r e c te d  s l i p  models, th e  v is c o u s  
s h o c k - la y e r  p r e d i c t i o n s  compare q u i t e  fa v o ra b ly  w ith  ex p e r im en ta l  d a t a .  
Under chem ical n o n eq u i l ib r iu m  c o n d i t i o n s ,  th e  s u r f a c e  c a t a l y t i c  e f f e c t s  
can s i g n i f i c a n t l y  i n f lu e n c e  th e  s u r f a c e  h ea t  t r a n s f e r .
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C hap ter  1 
INTRODUCTION
1.1 P h y s ic a l  F e a tu r e s  o f  t h e  High Mach Number Flow 
A renewed i n t e r e s t  in  h y p e rso n ic  aerotherm odynam ics has  been 
m o t iv a te d  by new v e h i c l e  co n cep ts  such as  th e  n a t i o n a l  a e r o - s p a c e  p lane 
*
(NASP) [1] , and t h e  t r a n s a tm o s p h e r ic  v e h i c l e  (TAV) [ 2 ] .  The term  
"h y p e rso n ic "  im p l ie s  t h a t  th e  f l i g h t  v e l o c i t y  i s  much g r e a t e r  th a n  th e  
am bient speed o f  sound. An approx im a te  c l a s s i f i c a t i o n  o f  t h i s  flow 
regim e i s  where th e  f r e e s t r e a m  Mach number i s  g r e a t e r  th a n  f i v e .  These 
v e h i c l e s  w i l l  en c o u n te r  a v a r i e t y  o f  flow c o n d i t io n s  which in c lu d e  
a tm o sp h e r ic  f l i g h t  and th e  t r a n s i t i o n a l  flow reg im es .  For example [ 3 ] ,  
th e  TAV w i l l  t a k e  o f f  from th e  E a r t h ' s  s u r f a c e ,  and e n t e r  a low E ar th  
o r b i t .  The v e h i c l e  w i l l  c a r ry  o u t  a g lo b a l  m iss io n  e i t h e r  i n s i d e  or 
o u t s i d e  th e  a tm osphere ,  and e v e n tu a l ly  land  back on E ar th  under i t s  own 
power. The range  o f  flow c o n d i t io n s  in c lu d e s  low a l t i t u d e ,  h igh  d e n s i ty  
f low , to  h igh  a l t i t u d e ,  low d e n s i ty  f low . These c o n d i t io n s  in c lu d e  th e  
continuum  flow regim e where th e  n o - s l i p  assum ption  i s  made. In  a d d i t io n  
th e  t r a n s i t i o n a l  flow reg im e, where s l i p  e f f e c t s  a re  im p o r ta n t ,  must be 
c o n s id e r e d .
*fhe numbers in  b r a c k e t s  i n d i c a t e  r e f e r e n c e s .
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There  a r e  two main e f f e c t s  a s s o c ia t e d  w ith  h y p e rso n ic  flows [ 4 , 5 ] :
( 1) th e  f l u i d  dynamic e f f e c t s  a r i s i n g  from th e  h igh  v e l o c i t y  g as ,  and
(2) th e  r e a l  gas e f f e c t s  due to  th e  h ig h  te m p e r a tu re  g a s .  For 
h y p e rso n ic  sp e e d s ,  th e  shock l a y e r ,  which i s  d e f in e d  as  th e  d i s t a n c e  
between th e  shock and body, i s  sm a l l .  The boundary  l a y e r  th ic k n e s s  
grows more r a p i d l y  because  k i n e t i c  energy d i s s i p a t i o n  w i th in  th e  
boundary l a y e r ,  which y i e l d s  a h igh  gas t e m p e ra tu re ,  r e s u l t s  in  an 
in c r e a s e  in  gas v i s c o s i t y  and a d e c re a s e  in  d e n s i t y .  Along w ith  th e  
t h in  shock l a y e r ,  th e  t h i c k  boundary l a y e r  c r e a t e s  an im p o rtan t  
d i s tu rb a n c e  in  th e  o u te r  flow t h a t  g iv e s  r i s e  to  th e  v i s c o u s  i n t e r a c t i o n  
phenomenon which c o n t r o l s  th e  s u r fa c e  p r e s s u r e  d i s t r i b u t i o n  over th e  
body. Moreover, f o r  a b lu n t  body, t h e  shock wave i s  cu rv ed ,  l e a d in g  to  
l a r g e  en tro p y  g r a d ie n t s  in  th e  shock l a y e r .
Compression o f  th e  gas forward o f  th e  v e h i c l e  and h e a t  g e n e ra t io n  
due t o  v i s c o u s  d i s s i p a t i o n  le a d  to  e l e v a t e  gas te m p e ra tu re s  in  th e  shock 
l a y e r .  A d d i t i o n a l ly ,  th e  gas w i l l  promote chem ical r e a c t i o n  in  bo th  th e  
boundary l a y e r  and th e  shook l a y e r .  As a r e s u l t ,  th e  s p e c i f i c  h e a t  p e r  
u n i t  mass i s  in c re a s e d  c o n s id e r a b ly ,  and th e  s p e c i f i c  h e a t  r a t i o s  w i l l  
no lo n g e r  be c o n s t a n t .  The gas w i l l  n o t  behave as  a c a l o r i c a l l y  p e r f e c t  
gas .  Moreover, i f  th e  shock l a y e r  t em p e ra tu re  i s  s u f f i c i e n t l y  e l e v a t e d ,  
r a d i a t i o n  e f f e c t s  w i l l  become im p o r tan t ,  g iv in g  r i s e  to  a r a d i a t i v e  f lu x  
to  th e  s u r f a c e .  The r e s u l t i n g  h ea t  t r a n s f e r  to  the  s u r f a c e  o f  a 
h y p e rso n ic  v e h ic l e  w i l l  dominate th e  d es ig n  c r i t e r i a  o f  th e  v e h i c l e .
For h y p e rso n ic  sp eed s ,  B l o t tn e r  [ 6 ] showed t h a t  th e  shock l a y e r  
flow i s  in  chem ical e q u i l ib r iu m  and has  a d e f i n i t e  boundary l a y e r  r e g io n  
fo r  low a l t i t u d e  c o n d i t i o n s .  A lso , th e  flow can become t u r b u l e n t  a t  
th e s e  c o n d i t i o n s  [ 7 ] .  However, th e  gas may no t  r e a c h  th e  e q u i l ib r iu m
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c t a t e  f o r  h ig h e r  a l t i t u d e  c o n d i t i o n s .  Moreover, th e  boundary l a y e r  
canno t be i d e n t i f i e d  because i t  merges w ith  th e  shock wave.
1 .2  Numerical Methods f o r  H ypersonic Flow
In  g e n e ra l ,  t h e r e  a r e  two methods to  a n a ly s e  h y p erso n ic  flow — 
e x p e r im en ta l  and t h e o r e t i c a l  . Flows in  chemical e q u i l ib r iu m  can be 
s im u la te d  w i th  s m a l l - s c a l e  l a b o r a to r y  experim ents  with c o r r e c t i o n s  f o r  
" r e a l  gas" e f f e c t s .  However, th e  chem ical n o n eq u il ib r iu m  flow around a 
h y p e rso n ic  v e h ic le  o p e r a t in g  in  th e  upper atmosphere cannot be s im u la te d  
because  i t  r e q u i r e s  s im u ltan e o u s  r e p ro d u c t io n  o f  a i r  d e n s i t y ,  f l i g h t  
v e l o c i t y  and v e h ic le  s c a l e .  In  absence o f  a f u l l - s c a l e  f l i g h t  
experim ent in  which th e  thermodynamic environment i s  f u l l y  d u p l i c a t e d ,  
an adequate  d es ig n  c a p a b i l i t y  f o r  h y p e rso n ic  v e h ic le s  r e l i e s  on 
t h e o r e t i c a l  p r e d i c t i o n s .
The g r e a t  en tro p y  g r a d ie n t s  and th e  th ic k  boundary l a y e r  in  a 
h y p e rso n ic  flow make th e  c l a s s i c a l  i s e n t r o p i c  i r r o t a t i o n a l  approach and 
th e  c o n v e n tio n a l  f i r s t - o r d e r  boundary l a y e r  eq u a tio n s  in ad eq u a te  to  
p r e d i c t  th e  f l o w f i e ld .  S eco n d -o rd er  boundary l a y e r  e f f e c t s  and 
v o r t i c i t y  i n t e r a c t i o n  should  be co n s id e red  in th e  flow. Three c u r r e n t  
num erica l  approaches have been adopted fo r  a n a ly s in g  th e se  p rob lem s.
They a r e  th e  s o lu t io n  o f  e i t h e r  th e  seco n d -o rd e r  boundary l a y e r  
e q u a t io n s ,  th e  f u l l  N a v ie r -S to k e s  e q u a t io n s ,  or th e  v isco u s  sh o c k - la y e r  
e q u a t io n s .
The s im p le s t  o f  t h e s e  approaches i s  to  employ th e  s eco n d -o rd e r  
boundary l a y e r  e q u a t io n s  [ 8 ] ,  with m atching o f  th e  f i r s t -  and second-^ 
o rd e r  boundary l a y e r  and i n v i s c i d  s o l u t io n s  a t  th e  boundary l a y e r  edge. 
Although t h i s  approach has been found q u i t e  a t t r a c t i v e  fo r  s h o r t  s l e n d e r
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bo d ies  [ 9 ] ,  s e v e r a l  co m p u ta t io n a l  d i f f i c u l t i e s  become obvious f o r  long 
s le n d e r  b o d ie s .  F i r s t ,  t h e  computing time re q u i r e d  i s  e x c e s s iv e  because 
one must compute th e  i n v i s c i d  f low , the  f i r s t - o r d e r  boundary l a y e r  flow, 
th e  flow due to  d isp lacem en t t h i c k n e s s ,  and then  th e  second o rd e r  
boundary l a y e r  f low . A second d i f f i c u l t y  a r i s e s  from s t ro n g  v o r t i c i t y  
i n t e r a c t i o n  which may o ccu r  f a r  downstream due to  th e  en tropy  l a y e r  on 
b lu n t  long s l e n d e r  b o d ie s .  T h is  en tro p y  l a y e r  causes  d i f f i c u l t y  in  th e  
matchup p ro ced u re  between th e  v i s c o u s  and i n v i s c i a  r e g io n s  because th e r e  
i s  a q u e s t io n  a s  to  what th e  p ro p e r  edge c o n d i t io n s  should  be f o r  th e  
boundary l a y e r .  T h is  approach does no t p ro p e r ly  ta k e  in to  accoun t  th e  
sw allow ing o f  th e  s t r o n g  en tro p y  l a y e r  by th e  boundary l a y e r  [ 5 ] .  The 
d es ig n  g eo m etr ie s  o f  h y p e rso n ic  v e h i c l e s  a r e  s le n d e r  long b o d ies  with 
b lu n t  noses in  o rd e r  to  red u ce  h e a t  t r a n s f e r  r a t e  a t  th e  s t a g n a t i o n  
re g io n  and red u ce  d rag  fo r c e  on th e  body. The sec o n d -o rd e r  boundary 
l a y e r  e q u a t io n s  a r e  n o t  d e s i r a b l e  f o r  t h i s  problem.
The second approach  employs th e  s te a d y  N av ie r-S to k es  e q u a t io n s  
[10] and t h e i r  t im e -d ep en d en t  forms [ 1 1 ] .  This approach s u c c e s s f u l l y  
p ro v id es  th e  s o l u t i o n  fo r  th e  s t a g n a t io n  re g io n  o f  s h o r t  b o d ie s .
However, th e  com plex ity  o f  th e  s o l u t io n  p rocedure  due to  th e  e l l i p t i c  
n a tu re  o f  th e  e q u a t io n s  r e q u i r e s  e x c e s s iv e  computing time and computer 
s t o r a g e ,  which c u r r e n t l y  l i m i t s  t h e i r  a p p l i c a t i o n s  t o  s h o r t  b o d ie s .
Because o f  th e  d i f f i c u l t i e s  en co u n te red  by the  above two 
approaches ,  a t t e n t i o n  has tu rn e d  toward th e  t h i r d  approach , th e  v isco u s  
sh o c k - la y e r  e q u a t io n s .  T h is  s e t  o f  e q u a t io n s  which was developed by 
Davis [12] i s  o b ta in e d  from the  f u l l  N av ie r-S to k es  e q u a t io n s  by keeping  
term s up to sec o n d -o rd e r  in  th e  in v e r s e  sq u a re  ro o t  o f  the  Reynolds 
number in  b o th  v is c o u s  and i n v i s c i d  r e g io n s .  I t  i s  u n ifo rm ly  v a l i d  to
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s ec o n d -o rd e r  th ro u g h o u t  th e  e n t i r e  shock l a y e r ,  hence ,  t h e  v i s c o u s -  
i n v i s c i d  i n t e r a c t i o n s  and s t ro n g  v o r t i c i t y  i n t e r a c t i o n ?  a r e  accoun ted  
f o r  in  a s t r a i g h t - f o r w a r d  manner. M oreover, t h i s  s e t  o f  e q u a t io n s  i s  o f  
a h y p e r b o l i c - p a r a b o l i c  n a tu r e  and, t h e r e f o r e ,  can be so lv ed  by u s in g  a 
m arching p ro c ed u re  s i m i l a r  to  methods employed in boundary l a y e r  th e o ry .  
As a consequence ,  th ey  can be s o lv e d  f o r  a h y p e r s o n ic  flow  on a s l e n d e r  
long body w i th o u t  e x c e s s iv e  computer tim e and s t o r a g e  r e q u i r e m e n t s .  
Moreover, t h i s  s e t  o f  e q u a t io n s  can be used  to  compute t h e  v is c o u s  flow 
in  th e  su b so n ic  b lu n t  nose r e g io n .  T h i s  i s  d e s i r a b l e  f o r  long  b o d ie s ,  
e s p e c i a l l y  f o r  a n a ly s in g  problem s w ith  chem ica l r e a c t i o n s .
The f u l l  v i s c o u s  shock l a y e r  s o l u t i o n  o f  Davis [1 2 ]  was o b ta in ed  
th rough  an i t e r a t i v e  r e l a x a t i o n  p r o c e s s  from th e  t h i n  shock l a y e r  
s o l u t i o n .  T h is  approach  e n c o u n te red  d i f f i c u l t i e s  f o r  th e  flow f a r  
downstream, e s p e c i a l l y  f o r  th e  s l e n d e r  body. Werle e t  a l .  [13] 
developed  an A l t e r n a t in g  D i r e c t io n  I m p l i c i t  (ADI) Technique w ith  an 
a r t i f i c i a l  t im e c o o r d in a te  to  r e l a x  th e  shock shape from an i n i t i a l  
g u es s .  Even w ith  l a r g e  r e l a x a t i o n  f a c t o r s ,  th e  i n s t a b i l i t i e s  were s t i l l  
en coun te red  whenever th e  i n v i s c i d  r e g io n  encompasses a s i g n i f i c a n t  
p o r t i o n  o f  th e  t o t a l  shock l a y e r  t h i c k n e s s .  The r e l a x a t i o n s  o f  th e  
shock shape in  D av is  [12 ]  and Werle e t  a l .  [1 3 ]  a r e  e s s e n t i a l  due to  th e  
s l i g h t l y  e l l i p t i c  n a tu r e  o f  th e  e q u a t io n s  in  th e  s t rea m w ise  d i r e c t i o n .  
These i n s t a b i l i t i e s  do n o t  come from th e  shock shape r e l a x i n g  te c h n iq u e .
From th e  h y p e r s o n ic  sm all d i s tu r b a n c e  th e o ry  [ 1 4 ] ,  i t  i s  shown 
t h a t  th e  c o n t i n u i t y ,  normal momentum, and energy  e q u a t io n s  become 
uncoupled from th e  t a n g e n t i a l  momentum e q u a t io n  in  th e  i n v i s c i d  re g io n .  
In  o th e r  words, th e  s o l u t i o n  o f  th e  c o n t i n u i t y ,  normal momentum and 
energy e q u a t io n s  w i l l  no t depend s t r o n g l y  on th e  s o l u t i o n  o f  th e
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t a n g e n t i a l  momentum e q u a t io n .  The num erica l  methods o f  Davis [1 2 ]  and 
Werle e t  a l .  [13] so lv ed  th e  govern ing  e q u a t io n s  s e p a r a t e l y  which a re  
known a s  th e  ca scad in g  method. In  t h i s  method, th e  s o l u t i o n  o f  th e  
t a n g e n t i a l  momentum e q u a t io n  d r i v e s  th e  s o l u t io n  o f  th e  c o n t i n u i t y  and 
normal momentum e q u a t io n s .  T h is  method becomes im proper f o r  th e  f low  
f a r  downstream, e s p e c i a l l y  f o r  a s l e n d e r  body on which t h e  shock l a y e r  
th i c k n e s s  i s  very t h i c k  and th e  i n v i s c i d  re g io n  encompasses a l a r g e  
p o r t io n  o f  th e  shock l a y e r .  An a l t e r n a t i v e  method o f  s o l u t i o n  was 
su g g es ted  by Werle e t  a l .  [ 1 3 ] .  The more adequate  method i s  t o  so lv e  
th e  eq u a tio n s  s im u l ta n e o u s ly .
A f u l l y  coupled  sys tem  o f  a l l  t h e  eq u a tio n s  i s  a d e s i r a b l e  scheme. 
Hosny e t  a l .  [15] so lv ed  th e  fo u r  g o v ern in g  e q u a t io n s ,  namely, th e  
c o n t i n u i ty ,  t a n g e n t i a l  momentum, normal momentum and energy  e q u a t io n s ,  
s im u lta n e o u s ly  as  a coup led  s e t  and l o c a l  i t e r a t i o n s  w ere made to  s o lv e  
f o r  th e  shock s t a n d - o f f  d i s t a n c e .  Gorden and Davis [16] added an 
eq u a t io n  fo r  th e  shock s t a n d - o f f  d i s t a n c e  i n to  th e  co u p led  s e t  to  
e l im in a t e  th e  need fo r  l o c a l  i t e r a t i o n s .  T h is  te c h n iq u e  q u i t e  
ap p e a l in g  f o r  p e r f e c t  gas a p p l i c a t i o n s .  But, i t  r e q u i r e s  i n v e r s io n  o f  
l a r g e  m a t r ic e s  and hence th e  s t o r a g e  and computing re q u i r e m e n ts  a re  
q u i t e  l a r g e .  A lso , th e  system  o f  e q u a t io n s  w i l l  become very  co m p lica ted  
i f  chem ical r e a c t i o n s  a r e  in c lu d e d .  T h e re fo r e ,  t h i s  approach  i s  not 
d e s i r a b l e  f o r  long  b o d ie s .
The two s e c o n d -o rd e r  e q u a t io n s ,  t a n g e n t i a l  momentum and en e rg y ,  
a re  p a r a b o l i c ,  and th e r e  a re  few problem s in  f in d in g  th e  s o l u t i o n s  to  
th e s e  e q u a t io n s .  The g r e a t e s t  d i f f i c u l t y  e x i s t s  in  s o lv in g  th e  two 
f i r s t - o r d e r  e q u a t io n s ,  c o n t i n u i t y  and normal momentum [ 13 ] .  Moreover, 
from th e  h y p erso n ic  sm all d i s tu r b a n c e  th e o ry ,  th e  s o l u t i o n  o f  th e
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t a n g e n t i a l  momentum eq u a tio n  becomes uncoupled w ith  th e  o th e r  eq u a t io n s  
f a r  downstream fo r  a s l e n d e r  body. A more d e s i r a b l e  approach i s  to  
s o lv e  th e  two f i r s t - o r d e r  eq u a t io n s  s im u lta n e o u s ly  as  a coupled s e t  
r a t h e r  th an  so lv e  a l l  fo u r  eq u a t io n s  as  a f u l l y  coupled  s e t .  T h is  
approach  i s  q u i t e  a t t r a c t i v e  fo r  s le n d e r  body problem s, e s p e c i a l l y  with 
r e a l  g as  e f f e c t s .  The i n s t a b i l i t i e s  w i l l  be  e l im in a te d ,  and th e  s to ra g e  
r e q u ire m e n ts  and computing tim e may no t  i n c r e a s e  exr j i v e l y .
Waskiewicz and Lewis [17] coupled  th e  two f i r s t - o r d e r  eq u a t io n s  and 
r e p o r t e d  good improvement in  th e  s o l u t i o n  o b ta in ed  fo r  s l e n d e r  (7 degree 
and 10 d eg ree)  bu t s h o r t  b od ies  w ith  s o l u t io n s  up to  20 nose r a d i i  or 
l e s s .  The e f f e c t s  o f  t h i s  te ch n iq u e  on the  f low  f i e l d  over a s l e n d e r  
long  body f a r  downstream should  be i n v e s t i g a t e d .
Most o f  th e  work w ith  v isco u s  s h o c k - la y e r  eq u a t io n s  in  th e  p a s t  
has  c o n s id e re d  e i t h e r  s h o r t  s le n d e r  or wide an g le  b o d ie s .  However, most 
o f  th e  f u t u r e  v e h ic l e s  w i l l  be long s l e n d e r  b lu n t  b o d ie s .  The 
c a l c u l a t i o n  o f  h y p erso n ic  v isco u s  flows p a s t  long  s le n d e r  ax isym m etric  
b lu n t  b o d ie s  i s  o f  prime i n t e r e s t  to  th e  d e s ig n e r  o f  such ae ro sp ace  
v e h i c l e s .
A v a r i e t y  o f  flow c o n d i t io n s  a r e  en co u n te red  d u ring  the 
t r a n s a tm o s p h e r ic  f l i g h t  o f  th e s e  v e h i c l e s .  The ran g e  i s  from low 
Reynolds numbers a t  h igh a l t i t u d e s  to  h igh Reynolds numbers a t  low 
a l t i t u d e s .  At low a l t i t u d e ,  th e  h y p e rso n ic  flow over a s l e n d e r  body 
u s u a l ly  becomes tu rb u le n c e .  D ire c t  num erical  s o l u t io n  o f  t u r b u l e n t  flow 
canno t  be o b ta in ed  a t  the p r e s e n t .  The p r e d i c t i o n  o f  t u r b u l e n t  e f f e c t s  
depends on modeling th e  f l u c t u a t i o n  te rm s .  The a l g e b r a i c  eddy v i s c o s i t y  
models a re  more ap p ea lin g  than  th e  o th e r  models because  l e s s  computer 
s t o r a g e  and computer time a r e  r e q u i r e d .  The g e n e ra l  a lg e b r a i c
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tu rb u len c e  model which i s  implemented w ith  th e  v i s c o u s  shock l a y e r  
method i s  the- Cebeci-Sm ith  model [ 1 8 ,1 9 ] .  Due to  th e  d i f f i c u l t y  o f  
de term in ing  th e  boundary l a y e r  edge in  a h y p erso n ic  flow over a  long 
s le n d e r  body, an a l t e r n a t i v e  model, th e  Baldwin-Lomax model [ 2 0 ] ,  i s  
more l i k e l y  to  be used .  T h is  model has been implemented in  t h e  N av ie r-  
S tokes eq u a t io n s  and th e  p a r a b o l i c  N av ie r-S to k es  e q u a t io n s  [ 2 1 ,2 2 ] ,  b u t  
n o t  in  th e  v is c o u s  sh o c k - la y e r  e q u a t io n s .
At h igh  a l t i t u d e ,  th e  "low d e n s i ty  e f f e c t s "  become im p o r tan t  where 
they can s i g n i f i c a n t l y  in f lu e n c e  th e  l i f t ,  d rag ,  moments and aerodynamic 
h e a t in g  o f  a h y p erso n ic  v e h i c l e .  However, no t  much a t t e n t i o n  h a s  been 
g iven  to  th e  problems en co u n te red  w ith  lo w -d e n s i ty  aero therm odynam ics .
At h ig h ly  r a r e f i e d  gas  f low  c o n d i t io n s ,  th e  continuum approach  i s  no 
lo n g er  v a l i d .  But a t  s l i g h t l y  r a r e f i e d  gas flow c o n d i t i o n s ,  th e  
continuum approach  can be ex tended  to  t h i s  flow regime i f  s l i p  e f f e c t s  
a r e  p ro p e r ly  accoun ted  fo r  [ 1 2 ,2 3 ] .
At h igh  tem p e ra tu re ,  th e  p e r f e c t  gas  assum ption becomes i n v a l i d .  
The gases in  th e  flow become chem ica lly  r e a c t i n g ,  e s p e c i a l l y ,  a t  h igh  
a l t i t u d e .  While flows w ith  chem ical e q u i l ib r iu m  in  th e  shock l a y e r  have 
been s tu d ie d  i n t e n s i v e l y  [ 2 4 ,2 5 ] ,  t h e r e  a r e  on ly  a  l i m i t e d  number o f  
an a ly se s  on flow s w i th  chem ical n o n eq u i l ib r iu m  [ 6 , 2 6 ] .  The e f f e c t s  o f  
f i n i t e - r a t e  chem ical r e a c t i o n s  a r e  no t  f u l l y  u n d e rs to o d  y e t .
The main o b j e c t i v e  o f  t h i s  s tu d y ,  t h e r e f o r e ,  i s  to  i n v e s t i g a t e  th e  
s o lu t io n  fo r  long  s le n d e r  b lu n t  body; i . e . ,  th e  c o n t i n u i ty  and normal 
momentum eq u a t io n s  a re  so lv ed  s im u ltan e o u s ly  a s  a coup led  s e t .  The 
b a s ic  t h e o r e t i c a l  fo rm u la t io n s  used  in  t h i s  s tu d y  a r e  p ro v id ed  in  Chap.
2. The s u i t a b i l i t y  ox tn e  Cebeci-Sm ith  and Baldwin-Lomax models f o r  tn e  
hyperson ic  flow p as t  long  s le n d e r  b o d ie s  a t  low a l t i t u d e s  i s  examined.
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examined. I t  i s  p re se n te d  in  Chap. 3. The lo w -d e n s i ty  e f f e c t s  u s ing  a 
p e r f e c t  gas  model a r e  p e sa n te d  in  Chap. 4. The i n v e s t i g a t i o n  o f  a 
chemical n o n eq u i l ib r iu m  flow i s  p re s e n te d  in  Chap. 5 .




The v is c o u s  s h o c k - la y e r  e q u a tio n s  f o r  a p e r f e c t  gas [12] and fo r  a 
m ulticomponent gas m ix tu re  [24] a re  p re s e n te d  in  t h i s  c h a p te r .  The 
p h y s ic a l  model and c o o rd in a te  system fo r  a body a re  shown in  F ig .  2 .1 .  
The f low  in  t h e  shock l a y e r  i s  assumed to  be axisym m etic ,  s te a d y ,  
v i s c o u s  and c o m p re s s ib le .  The s h o c k - la y e r  gas i s  assumed in  lo c a l  
thermodynamic e q u i l ib r iu m .
2.1 Governing E quations  For a P e r f e c t  Gas 
The v i s c o u s  s h o c k - la y e r  e q u a tio n s  a r e  o b ta in e d  from co m p ress ib le  
N a v ie r -S to k es  e q u a t io n s  which a r e  w r i t t e n  in  th e  b o d y -o r ie n te d  
c o o rd in a te  sys tem  shown i n  F ig .  2 .1 .  These e q u a t io n s  a re  
n o n d im ens iona lized  w ith  v a r i a b l e s  which a r e  o f  o rd e r  one in  t h e  re g io n  
near t h e  body s u r fa c e  (boundary la y e r )  f o r  l a r g e  Reynolds number. The 
same s e t  o f  e q u a t io n s  a r e  th en  w r i t t e n  in  v a r i a b l e s  which a r e  o f  o rd e r  
one in  th e  e s s e n t i a l l y  i n v i s c i d  re g io n  o u t s id e  th e  boundary l a y e r .
Terms in  each s e t  o f  e q u a t io n s  up to  seco n d -o rd e r  in  th e  in v e rs e  square  
ro o t  o f  a Reynolds number a r e  k e p t .  A comparison o f  th e  two s e t s  o f  
e q u a t io n s  i s  th e n  made and one s e t  o f  e q u a t io n s  i s  o b ta in e d  which i s  
v a l id  t o  second o rd e r  in  bo th  th e  o u te r  and in n e r  r e g io n s .  A s o l u t i o n  
to  t h i s  s e t  o f  e q u a t io n s  i s  th u s  un iform ly  v a l i d  to  sec o n d -o rd e r  in  th e  
e n t i r e  shock l a y e r  f o r  a r b i t r a r y  Y. Anderson and Moss [19] used th e
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eddy v i s c o s i t y  approxim ation  to  re p la c e  th e  Reynolds s t r e s s e s  and 
tu rb u le n t  h ea t  f l u x  to  f in d  th e  s o lu t io n  o f  th e  t u r b u le n t  f low . The
v isco u s  sh o c k - la y e r  eq u a tio n s  f o r  a p e r f e c t  gas with t u r b u l e n t  f low  a re
[19]
C o n tin u i ty :
3 i 3 i^ [ ( r + n c o s e ) J pu] + ^ [ (1 + n ic )  (r+ncose r p v ]  -  0 (2 .1 )
s-momentum:
u 3u  ̂ 3u , u v k .   ̂ 1 3p 2 .3  ,  , ,  + .3u
1+nic 3s v 3n 1+nic5 1+nic 3s * E {3n*-w( E J3n
-  J i H H ]  +  ( _ ? £ _  +  _ j c o s e _  +  3 u  _  _ u u k ] }  ,  }
1 + n i c  1 + n i c  r + n c o s e  E  ; 3 n  1 + m c J *
n - m o m e n t u m :
2
,  u  3 v  ^  3 v  u  k .  ^  3 p
1 + n i c  3 s  v  3 n  "  1 + m c )  3 n  *  0  ( 2 * 3 )
Energy:
, u 3ti 3H. 3p pu2vic
3? * v 5K> ' v ta *
2r 3 r * Pr s 3 1 1 ^ , ,  k  ̂ j c o s e  . 
E 3n Pr E P r , t  3n ^ 1+nic r+ncose
x ^ +E+P?7t> I  + ^ . n )
S ta te :
P -  PT (2 .5 )
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where
* “ P r [Pr " 1 + e+P r 7 t ( P r , t  "  1 > u ~ - -  
The m olecu lar v i s c o s i t y  i s  g iven  by th e  S u th e r l a n d 's  law as
U -  [(1+C)/(T+C)] T3/2
where
C -  C*/(Y-1) M2 T*
CD 00
*
and C i s  110.33 K f o r  a i r .
The p reced ing  eq u a t io n s  a r e  w r i t t e n  in  nondim ensional forms 
th e  nondim ensional v a r i a b l e s  a r e  d e f in e d  as
*  »  *  *  *  *  * 2
s  -  s  /R„ u « u / U  p - p / p U
N  ®  0 0  QO
*  *  *  *  *  *
n -  n / R _ v - v / U  T -  T /T  ,N ® r e f
it * k J( it it it
r  » r  /Rn p -  p / p a  u -  u /y  (Tr e f )
*  *  *  *  *  *
ic -  ic R.. h - h / h  C « C / CN ® p p p,®
A lso , th e  d im en s io n le ss  p aram ete rs  t h a t  appear in  Eqs. (2 .1 )  t o  (2 
a r e  d e f in e d  as
*  *  *
Pr « u C /<
P
*  *  *
P r , t  -  uTCp/,cT
.  r P (T r e f ^, 1 / 2  
e ” L * * * -1
Peo ôo
and
+  *  *
e -  uT/y





: . 6 )
( 2 . 1 0 )
( 2 . 1 1 )
( 2 . 1 2 )
(2 .1 3 )
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
14
To s im p l i f y  th e  num erica l  com pu ta t ions ,  a c o o rd in a te  
t r a n s f o rm a t io n  i s  a p p l i e d  to  th e  v isco u s  s h o c k - la y e r  e q u a t io n s .  This  
t r a n s f o rm a t io n  i s  accom plished  by n o rm a liz in g  th e  normal c o o r d in a te  w ith  
r e s p e c t  to  th e  l o c a l  shock s t a n d o f f  d i s t a n c e .  C onsequen tly ,  a c o n s ta n t  
number o f  f i n i t e - d i f f e r e n c e  g r id  p o in t s  between t h e  body and shock a r e  
u sed .  A lso , t h e  need f o r  i n t e r p o l a t i o n  t o  d e te rm in e  shock shape and th e  
a d d i t i o n  o f  g r i d  p o in t s  in  th e  normal d i r e c t i o n  i s  e l im in a te d  a s  th e  
com putation  moves downstream.
The t ra n s fo rm e d  v a r i a b l e s  a re
In  g e n e r a l ,  a  v a r i a b l e  g r id  sp ac in g  i s  used in  th e  n - d i r e c t i o n  so  
t h a t  th e  g r id  s p ac in g  can be made sm all  in  th e  r e g io n  o f  l a r g e  
g r a d i e n t s .  S in c e  th e  sp ac in g  i s  n o t  uniform  in  th e  n d i r e c t i o n ,  i t  i s  
conven ien t  to  ap p ly  a t r a n s f o r m a t io n  t o  t h e  n c o o r d in a te  so t h a t  th e
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
s  -  5 (2 .1 4 )
(2 .1 5 )
The t r a n s f o r m a t io n s  r e l a t i n g  th e  d i f f e r e n t i a l  q u a n t i t i e s  a r e




(2 .1 7 )
and
3 1 3
2 * 2  - 2  
3n n* 3n sh
(2 . 18 )
where
(2 .1 9 )
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governing eq u a t io n s  can be so lv ed  on a un ifo rm ly  spaced g r i d  in  th e  
co m pu ta t iona l  p la n e .  T h is  t r a n s fo rm a t io n  i s  ach ieved  by [26]
n -  “ g("n) (2 .2 0 )
sh
The s t r e t c h i n g  fu n c t io n  g(n) i s  g iven  by
g t n  (2 . 2d
i n ( | q 0
The f i r s t  and second d e r i v a t i v e s  o f  Eq. (2 .2 1 )  a r e  e x p re s sed  as
dg _ ( 1~a) (2a+1) .  ______1_________________ 1_______
?n fF+1l l Cff-Tf(2o+l)+1] [E+n(2a+1 )-1 ]
VTTT'
dfg  (1 - a ) (2 a + 1 )2 1__________________ 1
 p i .—     p      (2 .2 3 )
dri i,n(^3j0 [ 6- n (2o+1 )+1 ] [B+n (2 a+1 ) - 1 ]
Equation  (2 .2 1 )  p e rm its  th e  mesh to  be r e f i n e d  e i t h e r  near  th e  body only
(o -  0)  or e q u a l ly  near  b o th  th e  body and bow shock (a -  1 / 2 ) .  The
param eter 6 c o n t r o l s  th e  amount o f  s t r e t c h i n g .  The c o o r d in a te  n can be
o b ta in ed  from i n v e r t i n g  Eq. (2 .2 1 )  and i s  e x p re ssed  as
1~n~a
/B+K 1-0 _
1 _  (^ -T )  1
[1 -  B { ■■■ , - ■  --------}] (2 .2 4 )(2a+1) “ 1~n~a
"  - .
This  t r a n s f o r m a t io n  keeps th e  body a t  n -  0 and th e  shock a t  n ■ 1 w ith  
uniform mesh in  th e  co m p u ta t io n a l  c o o rd in a te  n.
A f te r  th e  govern ing  e q u a t io n s ,  Eqs. (2 .1 )  t o  ( 2 . 6 ) ,  a r e  w r i t t e n  in  
th e  t ran sfo rm ed  5, n c o o r d in a t e s ,  th e  sec o n d -o rd e r  p a r t i a l  d i f f e r e n t i a l  
eq u a tio n s  a r e  ex p ressed  a s  [19]
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afw d V d n 2 * (dg/dn) 3W ° 2
3n2 (d g /d n )2 9t| (d g /d n )2
, - . a 3_ t J L i ! ! . 0
(d g /d n )2 (d g /d n )2 95
The q u a n t i ty  W r e p r e s e n t s  u fo r  th e  s-momentum eq u a tio n  and H f o r  
energy e q u a t io n .  The c o e f f i c i e n t s  a 1 t o  a re  w r i t t e n  as:
s-momentum, W -  u:
n =v,K(1+2e+ ) j n . c o s e1 3y(1+e ) dg + sh v "  ' + u“ sh"______
1 '  s "  «  ( L * .  , 0 ( 1 .1 * )  r  * ^ S S 0039
n ' n  . npu n . pvsh sh sir
a
e 2u(1+e+)(1 +nnghic) e2p(1+e+)
2n . k _ , ,  +. . n . <sh__________  3u(1+e ) d g _________sh
2 u ( l+ e + )(1+nngh<) 9ti ( l+e + ) ( l+ n n ghK)
r _ j c _  + jcosB I 
L1 +rpn , k r+nn .cose-*
nsh<pv
‘sh" * w e2(l+nnsh ic)u(1+e +)
2 -  
sh r3£  _ s h 11 dg 3p i
 ̂SC w J
3 e2 (1+nnshic)p(1+e+ ) 35 nsh dn 3ti
2 .25 )
th e
(2 .2 6 )
(2 .2 7 )
(2 .2 8 )
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nshpu
e 2 (1+nnshic)u(1+e + )
Energy, W -  H:
1________  dg 9_ r y_, + Pr . ■] Knsh
“ 1 '  w n * c + Pr . dn 3n Pr e P r , t ; j  1+nn k 
Pr ( P rT t5 sh
^ s h 0039
r+nn . c o s e  sn e2p ? ( l+ ^+P ? 7 t )(1+^ s h K)
n . pv s i r
2 u , _  + Pr . 
e P r  e P r . t 5
°2
a -  M  + n [___ !
3 u f . * Pr \ Ldn 3n shM+ni
Pr P r , t
j c o s e
n , , ■ ,» . u>! «:( j  . ■ nn . ic r+nn . c o s£ -(1 + e  -r—— ) sh sh
. .  n . <vput v dg 3p _ sh
e2 dn 3n e2 d + n n shK)
4 ,,u
2 p + Pr





(2 .3 3 )




The rem ain ing  f i r s t - o r d e r  e q u a t io n s  a re  w r i t t e n  a3 
Global C o n t in u i ty :
f E t n s h ( r ^ n3hco se )Jcu )  * w i s 11™ " ® 0050’
x [ ( l+ n n sh ic)pv -  n ^ n p u ] }  -  0 (2 .3 5 )
n-momentum:
pu 3v _ n sh npu 3v dg + _pv 3v dg
(1+ nn^K ) 35 "  n ^ d + i j h ^ K )  3n dij nsh 3n drT
1U * . + —  ° 0 (2 .3 6 )  
nnsh K) nsh 3r dn
S ta t e :
p -  pT (Y -1)/T  (2 .3 7 )
2 .2  Governing E q u a t io n s  fo r  a Multicomponent M ixture 
The c o n s e rv a t io n  e q u a t io n s  t h a t  d e s c r i b e  a r e a c t i n g  m ulticom ponent 
gas m ix tu re  can be found in  th e  l i t e r a t u r e  [2 7 ,2 8 ] .  The v is c o u s  sh o ck -  
l a y e r  e q u a t io n s  f o r  a  n o n eq u i l ib r iu m  multicomponent gas  m ix tu re  a re  
ob ta in ed  from th e  c o n s e rv a t io n  eq u a t io n s  employing th e  same p ro c ed u re  a s  
f o r  the  p e r f e c t  g as  [ 2 4 ] .  The nondim ensional forms o f  g lo b a l
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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c o n t in u i ty ,  s-momentum, and n-momentum a r e  w r i t t e n  in  th e  same form as
Eqs. (2 .1 )  to  (2 .3 )  excep t th e  eddy v i s c o s i t y ,  e+ , i s  s e t  to  z e ro .
For a chem ical n o n eq u i l ib r iu m  flow , th e  energy eq u a tio n  i s  
fo rm u la ted  in term s o f  t h e  tem p era tu re  i n s t e a d  o f  t o t a l  e n th a lp y .  In  
a d d i t io n  t o  th e s e  c o n se rv a t io n  e q u a t io n s ,  th e  s p e c ie s  c o n t in u i ty  
eq u a tio n  and e q u a t io n  o f  s t a t e  a re  needed to  complete th e  s e t  o f  
eq u a t io n s .  The nondim ensional forms o f  th e s e  e q u a t io n s  a r e  ex p re ssed  a s  
[24]
Energy:
_ , u 3T ^ 3T. , u 3p ^ 3p.
p p 1+nie 3s v 3n 1+nic 3s v 3n
N
2r 3 , 3T. ^ i k  j c o s e  . 3T f  t n 3T ^
3n 3n 1+nic r+ncose 3n i  p , i3 n
N2
,3u  ieu . 2 ,  r  . . , ,
v ( 3n “ 1+nx A  i Wii»1
S p ec ies  c o n t i n u i ty :
u 3C. 3 ^  2
p ^1+n< 3s + v 3n  ̂ “ * i  , , j(1+ n< )(r+ ncos8)J
x { | ^  [ ( 1 + n ic ) ( r + n c o s e ) ^ ] }  (2 .3 9 )
S ta t e :
*
P -  PT( — ) (2 .4 0 )
M Cp ,«
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The nondim ensional v a r i a b l e s  a r e  as  d e f ined  by Eq. (2 .9 )  and
*  *  *
K m K / \ i  -Cr e f  p,®
* i  * W pX  (2 .4 1 )
*  *  *
J .  -  J .R „ /u  -  l  i  N r e f
Using th e  same c o o rd in a te  t ra n s fo rm a t io n s  as g iven  fo r  a p e r f e c t
g a s ,  Eqs. (2 .3 8 )  and (2 .3 9 )  a re  w r i t t e n  in  th e  form o f  Eq. ( 2 .2 5 ) .  The
W in  t h i s  eq u a t io n  r e p r e s e n t s  T f o r  th e  energy eq u a t io n  and f o r  t h e
s p e c ie s  c o n t i n u i ty  e q u a t io n .  The c o e f f i c i e n t s  o 1 to  a ^ ,  in  t h i s  c a se ,
a r e  g iven  by 
Energy, W « T :
N, - .  n . k j n  .c o s e  n . s1 3k dg , sh | sh__________sh y
1 k 3n diT 1+Tih . k r+nh .co se  k i  p , i  sh sh
n , n '  pC un n . pC v t sh s i r  p s ir  p
2 —  2
e ie(1+nn . * )  e <sh
(2 .4 2 )
<x2 -  0 (2 .4 3 )
0 .  (_L  ____ ! £ U _  2 _ V  yS ;
“ 3 < sh ̂  d*  1+^ s h K e 2.  i -1  1 1
un sh 3p ' sh nsh n
e2ic(1+nnsh ic) 3£
v dg 3p
(2 .4 4 )
e tc 1+nn . k n .sh sh nsh dn 3ri
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S pecies  c o n t i n u i ty ,  W « C^:
where
1 3PL, dg n . k n . c o s e  ________i  _  . sh sh_____ .




(2 .4 7 )




. nsh K 
' 1+T* s h K
n .c o s e  w.n . sh } + i_ sh  (2>llg)
r+fin .c o s e  sh e^PL.
n . pu shK
e PL.O+rm .* )1 sh
PLi  ■ Pr Abi i
s 3C dg
PMi ■ rf I Abik V  7k-1 3n dn
k^i
(2 .4 9 )
(2 .50 )
(2 .51)
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/L e ,< i«k
Abik  " (2 .5 2 )
L e , .  -
* * NM M. s
[ q f L e  ♦ (1 - 4 )  I  Le, C ] i¥k
M 1K M j -1 1J 3
Jrfi
I n  Eq. ( 2 .5 2 ) ,  L e>ik a r e  th e  multicomponent Lewis numbers and M i s
m olecular  w eigh t  which i s  g iven  by 
“ *  1M N C, s  i
y *L Mi-1  i
(2 .5 3 )
The mass f l u x ,  J ^ ,  due t o  c o n c e n t r a t io n  g r a d ie n t s  can be w r i t t e n  a s  [29]
Ns 3C dg
J i  ’  " V 7  k-1 “ >ll< w
(2 .5 4 )
The eq u a tio n  o f  s t a t e  i s  g iven  by
p -  pT R* /  M* C * 
P .°
(2 .5 5 )
2-3 Boundary C ond itions  
At low a l t i t u d e s ,  s l i p  e f f e c t s  a re  no t im p o r ta n t .  N o - s l ip  and no- 
tem pera tu re- jum p  boundary c o n d i t io n s  a re  used on t h e  body s u r f a c e .  The 
w a ll  t em p e ra tu re  and e n th a lp y  a re  s p e c i f i e d  as  c o n s ta n t .  The boundary
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c o n d i t io n s  a t  t h e  shock a r e  c a l c u l a t e d  by us ing  th e  Rankine-Hugoniot 
r e l a t i o n s  [ 1 2 , 21) ] .
At h igh  a l t i t u d e s ,  th e  continuum flow  assum ption  b re ak s  down in  
th e  re g io n  n ex t  to  t h e  w a l l .  The n o - s l i p  and n o - te m p e ra tu re  jump 
boundary c o n d i t i o n s  a r e  no lo n g e r  v a l i d .  As such ,  th e  s l i p  and 
tem p era tu re  jump boundary c o n d i t io n s  should  be u sed .
2 .3-1  Boundary C o n d i t io n s  on th e  Wall
S h id lo v sk y  [30] has shown t h a t  a t  th e  body s u r f a c e  t h e  v e l o c i t y  
s l i p  and te m p e ra tu re  jump c o n d i t io n s  a re  o f  th e  same o rd e r  as th e  
Knudsen number. The Knudsen number i s  d e f in e d  a s  t h e  r a t i o  o f  th e  
m o lecu la r  mean f r e e  p a th  in  th e  gas to  a c h a r a c t e r i s t i c  d im ension ' ' f  th e  
f l o w f i e ld .  The n o - s l i p  boundary c o n d i t io n s  (which co rresp o n d  to  
continuum c o n d i t i o n s )  a r e  o b ta in e d  when Kn ■+ 0 .  However, when th e  flow 
d e n s i ty  d e c r e a s e s ,  t h e  mean f r e e  pa th  becomes lo n g  compared to  th e  
c h a r a c t e r i s t i c  l e n g th  in  a r e g io n  nex t  t o  th e  w a l l .  T h is  re g io n  i s  
c a l l e d  th e  Knudsen l a y e r .  Under t h i s  c o n d i t io n ,  th e  s l i p  c o n d i t io n s  
shou ld  be u sed .
The s l i p  c o n d i t io n s  a r e  assumed to  e x i s t  a c ro s s  t h e  Knudsen l a y e r .  
The n e t  f l u x e s  o f  momentum and energy a t  th e  o u te r  edge o f  th e  Knudsen 
l a y e r  a r e  eq u a ted  t o  th e  d i f f e r e n c e  between th e  in c id e n t  and r e f l e c t e d  
f l u x e s  a t  t h e  w a l l .  These f lu x e s  a r e  assumed t o  be  c o n s ta n t  a c r o s s  th e  
Knudsen l a y e r  and a r e  o b ta in e d  from th e  moments o f  th e  d i s t r i b u t i o n  
fu n c t io n s .  The s l i p  c o n d i t io n s  a r e  then  o b ta in ed  from th e  b a lan ce  
e q u a t io n s  o f  th e s e  f l u x e s  and a r e  g iven  by [31]
V e lo c i ty  s l i p :
(2 .56 )
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P re s s u re  s l i p :
it Y 2-0 t 2 us
Ps “ ?W + ^  ^  ?F h
Temperature s l i p :
p 3T
t  (3H> ( 2 ’ 57)s s
1 IT  Y 2-0 e 2 U 3T 
Ts ‘  Tw + 2 J 2 (T M ) ( - ? ” ) Pr (2 .58 )
s s  s
I n  th e  d e r iv a t io n  o f  th e  r e l a t i o n  fo r  th e  tem p e ra tu re  s l i p ,  i t  i s  
assumed t h a t  th e  i n t e r n a l  energy  i s  f ro zen  du ring  th e  r e f l e c t i o n  from 
th e  w a l l .  The param eter  6 i s  t h e  accommodation c o e f f i c i e n t  and i t s  
v a lu e  i s  ta k e n  to  be u n i ty  in  t h i s  s tu d y .
In  th e  co m p u ta t io n a l  p la n e ,  Eqs. (2 .5 6 )  t o  (2 .5 8 )  a r e  ex p re ssed  a s
[62]
V e lo c i ty  s l i p :
2
u .  J I  ( 2d) 1^1 r j _  d £ i u _____ <u___
* j 2  *  F T  ,^ s  s
P re s s u re  s l i p :
^2 E  c_ l_  | T ,  (2-60)
s  w c r r ~  8 Pr T jp n . dn 3n5 s  v s  sh  c
Temperature s l i p :
T . t  + 1  [ l  ( J L ) f £ * )  r j _ d g l l )  (2  61 >
s  w 2 4 2  l Y - l n  0 J Pr I  l n . dn 3nJ
JPSPS s h  s
2 .3 .2  Boundary C o n d i t io n s  a t  th e  Shock
The boundary c o n d i t io n s  a t  th e  shock a r e  t h e  m od if ied  Rankine- 
Hugoniot r e l a t i o n s  developed by Cheng [3 2 ] .  The shock e q u a t io n s  a re  
o b ta in ed  from one-d im ensiona l  N av ie r-S to k es  e q u a t io n s  which a r e  w r i t t e n
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
in  th e  sh o c k -o r ie n te d  c o o rd in a te  system. The t a n g e n t i a l  d e r i v a t i v e s  a re  
n e g le c te d  as  compared to  th e  normal d e r iv a t iv e s .  Then, th e  shock 
eq u a tio n s  in  d im ensional forms a r e  ex p ressed  as  
C o n t in u i ty :
a * * ,  .^ ( p  9 ) -  0 (2 .6 2 )
30
Tangent ial-momentum:
* * 30* 3 , * 3 o \p ? — * -  — — *)  (2 .6 3 )
30 30 30
Normal-momentum:
Pv  + *•> ^  ( 2 . 6 . )
3fi 3fi 3fi 30
Energy:
* * * 3T* « 3p* 3 , * 3T*. ^
P "  v — ------ * (K — ) +
p 30 30 30 30
(2„* .  .  /  ( 2 % , 2 (2 .6 5 ,
30 30
I n t e g r a t i n g  Eqs. (2 .62 )  t o  (2 .65 )  from j u s t  beh ind  th e  shock wave 
to  f r e e s t r e a m ,  th e  shock c o n d i t io n s  a re  o b ta in e d .  The nondim ensional 
forms a r e  g iven  by 
C o n t in u i ty :
p . V . = - s i n a  (2 .6 6 )Ksh sh
Tangential-momentum:
2 EQe u . (-^r) . + 0 , s i n a  « s in aco sa  (2 .6 7 )sh 30 sh sh
Normal-momentum:
p . -  p + s i n a ( s in o  + 7 . ) (2 .6 8 )
■ sh 00 sh
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energy :
e % # I V Ts*S i m ~ ^ (Qs h -  0050)2sn
^S. < J i .  sln2a .  E<_s_, -  i l l i i l  i .
(Y+1) Y-1 (Y+1) M“
i|
(2 .69)? >i ?
(Y+1) M s in  o
S ince  v e l o c i t y  components tan g en t  and normal to  th e  shock a re  no t 
th e  same as  th o s e  tan g en t  and normal t o  th e  body s u r f a c e ,  
t r a n s f o rm a t io n s  a re  needed t o  r e l a t e  t h e s e  q u a n t i t i e s .  The 
t r a n s f o rm a t io n s  a r e  g iven  by
tigh “ ush c o s ( a - e )  + vgh s i n ( a - e )  (2 .70 )
Vsh “ “ u sh s i n ( a - 9 )  + v Sh co s^a“ 0 ) (2 .7 1 )
A lso , th e  t r a n s f o rm a t io n s  between th e  b o d y -o r ie n te d  and s h o c k - o r ie n te d  
c o o rd in a te s  a re  g iven  by
S -  s  c o s ( a -e )  + n s i n ( a - e )  (2 .72 )
ft « -  s  s i n ( o - e )  + n c o s ( a -0 )  (2 .7 3 )
The d e r i v a t i v e  w ith  r e s p e c t  to  ft i s  r e l a t e d  to  ( s , n )  c o o rd in a te  as
I n  ■ co s(o ' e) k  -  s i n ( “ - 0 ) k
C onsequen tly , th e  shock c o n d i t io n s  in  th e  co m p u ta t io n a l  p la n e  a r e
ex p ressed  as
C o n t in u i ty :
psh Vsh " " s i n a  (2 *75)
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Tangential-momentum:
2 rr r n \ ~  ^ s h  . , . . i  1 dg 3D e ushl[cos(a-0) + n —  sin(B-e)] —  ^  ^
+ s i n ( a - 6 ) } sh + Dsh s in a  « s i n a  cosa (2 .7 6 )
Norma1-moment urn:
p sh * P- + s i n “ ( s i n a + ?s h ) (2 .7 7 )
Energy:
^ p ^ sh  l[cos(“-e) + n - d f  sin(a-e)] J -  | | § I
-  ^  s i n ( a - e ) J sh  + Tsh s i n a  -  3 iS »  -  c03a ) ‘
s in a  t__fnr__ _,_2  r , 2 N ^ (Y -1 ) i  1 
2 . . 2
 ̂t 0 . . >. *ut-i I
2 a  *■ y-1 2 .2
(Y+1) T 1 (Y+1) fT
CD
} (2 .7 8 )2 U 2 
(Y+1) M s i n  a
E quation  o f  s t a t e :
”s h - yh n / (y-',)Tsn (2-79)
From Eqs. (2 .7 6 )  and ( 2 .7 8 ) ,  i t  i s  no ted  t h a t  th e  f i r s t  term in  th e s e  
two e q u a t io n s  can b e  n e g le c te d  a t  low a l t i t u d e s  where c  i s  v e ry  sm a ll .  
On th e  o th e r  hand, t h i s  term becomes im p o rtan t  when e i s  l a r g e .
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Chapter 3
HIGH REYNOLDS NUMBER PERFECT GAS FLOW
3.1 I n t ro d u c t io n
For a h y p e rso n ic  flow over a s l e n d e r  body a t  lower a l t i t u d e s  where 
d e n s i ty ,  and hence, Reynolds numbers a re  h ig h ,  th e  flow w i l l  become 
t u r b u l e n t .  The Reynolds s t r e s s e s  and t u r b u l e n t  h e a t  f lu x  sh o u ld  be 
co n s id e red  in  th e  a n a l y s i s  o f  such  f l o w f i e ld s .  These two e f f e c t s  
dominate th e  s u r f a c e  p r o p e r t i e s .  However, a t  p r e s e n t ,  i t  i s  im p o ss ib le  
t o  r e l a t e  th e s e  f l u c t u a t i n g  term s c o r r e c t l y  to  th e  dependent v a r i a b l e s  
in  th e  e q u a t io n s .  D i r e c t  num erica l  s o l u t io n s  o f  t u r b u l e n t  f lo w s  cannot 
be o b ta in ed  w i th o u t  a proper modeling o f  th e  f l u c t u a t i n g  te rm s .
Many tu rb u le n c e  models have been developed w ith  v a ry in g  d eg ree s  o f  
com plexity  [3 3 ] .  These models, g e n e ra l ly ,  a re  developed by f i r s t  
p o s tu l a t in g  a m a th em atica l  model c o n ta in in g  undeterm ined c o n s t a n t s ,  and 
then by a t te m p t in g  to  choose th e  c o n s ta n ts  t o  make p r e d ic t i o n s  f i t  th e  
ex p er im en ta l  m easurem ents. E m p ir ic a l  tu rb u le n c e  models, such a s  th e  
a lg e b r a ic  eddy v i s c o s i t y  models a r e  ap p ea l in g  because th e  s t o r a g e  
c a p a c i ty  and computing time r e q u i r e d  a r e  much l e s s  th an  t h a t  f o r  a more 
s o p h i s t i c a t e d  tu rb u le n c e  model. A lso , t h e s e  models p rov ide  r e s u l t s  
which a r e  comparable to  a more complex model [333.
Two a l g e b r a i c  tu rb u le n c e  models, C ebeci-Sm ith  [18] and Baldw in- 
Lomax [2 0 ] ,  have been used w idely  fo r  c a l c u l a t i o n  o f  th e  co m p re s s ib le  
t u r b u le n t  f low s [1 9 ,2 2 ,2 5 ,3 ^ —3 6 ] .  Both a r e  tw o - la y e r  e d d y - v is c o s i ty
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models and have s i m i l a r  forms. The primary d i f f e r e n c e  between them i s  
th e  cho ice  of l e n g th  and v e l o c i t y  s c a le s  in  th e  o u te r  l a y e r .
The boundary l a y e r  d isp lacem ent th ic k n e s s  and boundary l a y e r  edge 
v e lo c i ty  a r e  used as le n g th  and v e lo c i ty  s c a le s ,  r e s p e c t i v e l y ,  in  th e  
Cebeci-Sraith model. The d e te rm in a t io n  o f  th e  boundary l a y e r  edge i s  
r e q u i r e d  w i th in  th e  s o l u t io n .  However, i t  i s  d i f f i c u l t  to  d e f in e  th e  
boundary l a y e r  edge in  a h y p e rso n ic  flow because t h e r e  may n o t  be a 
co n s ta n t  v e l o c i t y  reg io n  in  th e  shock l a y e r .  Thus, th e  d e f i n i t i o n  o f  
th e  boundary l a y e r  edge i s  no t  w e ll  d e f in e d .  Anderson and Moss used th e  
r a t i o  o f  th e  l o c a l  t o t a l  e n th a lp y  to  f r e e s t r e a m  t o t a l  en th a lp y  to  d e f in e  
th e  boundary l a y e r  edge [1 9 ] .  I t  i s  based on th e  f a c t  t h a t  th e  t o t a l  
en th a lp y  i s  c o n s ta n t  w i th in  th e  i n v i s c i d  p a r t  o f  th e  shock l a y e r .  I t  
has been observed  t h a t  w ith  th e  p re sen ce  o f  sm all  num erica l  v a r i a t i o n s  
o f  th e  v e l o c i t y  or en th a lp y  p r o f i l e  in  th e  shock l a y e r ,  t h e r e  could  be 
sudden jumps and o s c i l l a t i o n s  in  the  boundary l a y e r  th ic k n e s s  [ 3 7 ] .  The 
len g th  s c a le  in  t h e  Cebeci-Sm ith model would be a f f e c t e d ,  hence th e  h ea t  
t r a n s f e r  to  th e  body s u r f a c e  would ex p e r ien ce  o s c i l l a t i o n s  t h a t  were no t  
p h y s ic a l ly  c o r r e c t .
Another d e f i n i t i o n  sug g es ted  by Anderson and Moss [25] i s  based on 
th e  r a t i o  o f  th e  i n t e g r a l  o f  th e  v isco u s  d i s s i p a t i o n  term  in  th e  shock 
l a y e r  fo r  s i t u a t i o n s  where th e  t o t a l  en th a lp y  i s  no t co n s ta n t  in  th e  
i n v i s c i d  r e g io n .  However, th e  f a c t o r  o f  th e  r a t i o  i s  s u b j e c t i v e .
By o b se rv in g  th e  shape o f  th e  t o t a l  en tha lpy  p r o f i l e s ,  Thompson e t  
a l .  [3*0 d e f in e d  th e  boundary l a y e r  th ic k n e s s  on th e  same p h y s ic a l  b a s i s  
as  o f  Anderson and Moss [19 ]  bu t  in  terms o f  th e  t o t a l  en th a lp y  
g r a d ie n t .  I t  was found t h a t  t h i s  d e f i n i t i o n  gave r e l i a b l e  boundary
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la y e r  th ic k n e s s  c o n s i s t e n t l y .  I t  was s u p e r io r  to  o th e r  d e f i n i t i o n s  o f  
th e  boundary l a y e r  edge.
I t  has been shown t h a t  th e  c a lc u l a t e d  h e a t  t r a n s f e r  was s e n s i t i v e  
to  th e  d e f i n i t i o n  used in  e s t a b l i s h i n g  th e  boundary l a y e r  t h i c k n e s s  
[37]-  Due to  th e s e  d i f f i c u l t i e s  w ith  th e  Cebeci-Smith model, i t  i s  more 
ap p ea lin g  t o  u se  th e  Baldwin-Lomax model to  p r e d i c t  th e  t u r b u l e n t  
e f f e c t s ,  s in c e  t h i s  model does n o t  r e q u i r e  th e  d e te rm in a t io n  o f  th e  
boundary l a y e r  edge . The v e l o c i t y  and le n g th  s c a le s  a re  based  on th e  
d i s t r i b u t i o n  o f  th e  v o r t i c i t y .  The maximum v a lu e  o f  a v o r t i c i t y  
fu n c t io n  and i t s  co r re sp o n d in g  l o c a t i o n ,  in s te a d  o f  th e  boundary l a y e r  
q u a n t i t i e s ,  a r e  used t o  form th e  v e l o c i t y  and le n g th  s c a le s  f o r  th e  
o u te r  l a y e r .  This  model has become a  p o p u la r  a lg e b r a i c  eddy v i s c o s i t y  
model.
Although th e  Baldwin-Lomax model avo ids  d e te rm in ing  th e  boundary 
l a y e r  edge in  th e  o u te r  eddy v i s c o s i t y  fo rm u la t io n ,  s e v e r a l  d i f f i c u l t i e s  
have been en co u n te red .  F i r s t  o f  a l l ,  t h e r e  i s  am biguity  in  d e te rm in in g  
th e  peak o f  th e  v o r t i c i t y  f u n c t io n .  Degani and S c h i f f  [ 38] found t h a t  
t h e r e  might be more than  one peak in  th e  fu n c t io n .  T h is  can r e s u l t  in  
an in c o r r e c t  d e te rm in a t io n  o f  th e  le n g th  s c a le  f o r  t h e  o u te r  l a y e r  i f  a 
wrong maximum v a lu e  h as  been p ick ed  up. T h is  problem can be e l im in a te d  
by s e l e c t i n g  th e  peak n ea r  th e  body s u r fa c e  [ 2 2 , 36] .
The second d i f f i c u l t y  l i e s  in  de term in ing  th e  two a d d i t i o n a l
c o n s ta n ts ,  C and . in  th e  o u te r  fo rm u la t io n .  Baldwin and Lomaxcp Kleb,
determ ined th e s e  c o n s ta n t s  by comparing r e s u l t s  w ith  th e  Cebeci-Sm ith
model f o r  t r a n s o n i c ,  c o n s ta n t  p r e s s u r e  boundary l a y e r  flow s [ 20 ] .
V isba l  and Knight [ 36] have shown t h a t  C should  be d ec rea sed  and C... .cp Kleb
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in c re a s e d  fo r  an e q u i l ib r iu m  in co m p re ss ib le  tu r b u le n t  boundary l a y e r
[3 6 ] .  However, Knight su g g es ted  a h ig h e r  v a lu e  o f  C f o r  a com pression
cp
co rn er  c a l c u l a t i o n  a t  Mach 3-0 [2 1 ] .  The v a lu e s  o f  C and C,„ dependcp Kleb
on th e  flow Mach number [ 2 0 ,2 1 ,3 6 ,3 7 ] .  There i s  no one f i x e d  v a lu e  f o r  
a l l  flow c o n d i t io n s .  These v a lu e s  should  be chosen c a r e f u l l y ,  o th e rw ise  
d i f f e r e n t  h e a t  t r a n s f e r  r e s u l t s  w i l l  be p r e d ic t e d  [ 3 7 ] .  These 
d i f f i c u l t i e s  need to  be i n v e s t i g a t e d  i n t e n s i v e l y  b e f o re  t h i s  model can 
be r e l i e d  on to  h y p e rso n ic  f low  c o n d i t io n s .
In  t h i s  c h a p te r ,  a method f o r  s o lv in g  th e  flow over a b lu n t  
s l e n d e r  body where th e  i n v i s c i d  re g io n  encompasses a s i g n i f i c a n t  p o r t i o n  
of th e  t o t a l  shock l a y e r  th ic k n e s s  i s  p re s e n te d .  The f i r s t  o rd e r  
c o n t in u i ty  and normal momentum e q u a t io n s  a r e  so lv ed  s im u lta n e o u s ly  as a 
coupled s e t  r a t h e r  than  in  a s u c c e s s iv e  manner as  has been u t i l i z e d  fo r  
w ide-angle  b o d ie s .  Two o f  th e  most f r e q u e n t l y  employed a lg e b r a i c  
tu rb u le n c e  models, namely th e  C ebeci-Sm ith  and Baldwin-Lomax m odels,  a r e  
implemented t o  examine t h e i r  s u i t a b i l i t y  f o r  th e  h y p e rso n ic  f low .
3 .2  B asic  Fo rm ula t ion  
As i n d i c a t e d  in  Chap. 2 , th e  s tead y  p e r f e c t  gas v is c o u s  shock- 
l a y e r  e q u a t io n s  [12] f o r  an ax isym m etric  or tw o-d im ensional body a t  ze ro  
ang le  o f  a t t a c k  a r e  o b ta in ed  from th e  co m p ress ib le  N a v ie r -S to k es  
e q u a t io n s ,  w r i t t e n  in  term s o f  a b o d y -o r ie n te d  c o o r d in a te  system . They 
a re  n o n d im ens iona lized  by th e  v a r i a b l e s  which a r e  o f  o rd e r  one i n  th e  
re g io n  nea r  th e  body s u r fa c e  (boundary l a y e r )  f o r  l a r g e  Reynolds 
numbers. The same s e t  o f  e q u a t io n s  a r e  th en  n o n d im ens iona lized  by 
v a r i a b l e s  which a r e  o f  o rd e r  one in  th e  e s s e n t i a l l y  i n v i s c i d  r e g io n
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o u ts id e  th e  boundary l a y e r .  Terms in  each s e t  o f  e q u a t io n s  up to
seco n d -o rd e r  i n  th e  i n v e r s e  sq u a re  ro o t  o f  th e  Reynolds number a re  k e p t .
A comparison o f  th e  two s e t s  o f  e q u a tio n s  i s  then  made and one s e t  o r
eq u a tio n s  i s  o b ta in e d  from them which i s  v a l id  to  second o rd e r  in  b o th
th e  o u te r  and in n e r  r e g io n s .  A s o l u t io n  o f  t h i s  s e t  o f  e q u a t io n s  i s  
thus  u n ifo rm ly  v a l i d  t o  s eco n d -o rd e r  in  th e  e n t i r e  shock l a y e r  f o r  
a r b i t r a r y  Y. Anderson and Moss [19] used th e  eddy v i s c o s i t y  
approxim ation  to  r e p l a c e  th e  Reynolds s t r e s s e s  and t u r b u l e n t  h e a t  f l u x  
t o  f i n d  th e  s o l u t i o n  o f  th e  t u r b u l e n t  f low . These eq u a t io n s  p ro v id ed  
h e re  aga in  a r e  in  an o r th o g o n a l ,  body o r i e n t e d ,  t ran s fo rm ed  c o o r d in a te s  
form, Eqs. (2 .2 5 )  th ro u g h  ( 2 .3 7 ) .
The sec o n d -o rd e r  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  a p p l i c a b le  t o  t h i s  
s tudy  a re  ex p re s se d  a s  [19]
32W d g/ d h + a., (dg/dn) 3W tt2+ . — . ■ —  +   ^
3n2 (d g /d n )2 9ti ( d g /d n )2
a 3 a 4 3W+ -------- 3 - 5  +  -r= = 0 ( 3 . 1 )
(dg /dn)  (dg/dn) K
—  2 —2where dg/dn and d g /dn  a r e  t h e  f i r s t  and second d e r i v a t i v e s  of th e  
s t r e t c h i n g  f u n c t io n  g. The q u a n t i t y  W r e p r e s e n t s  u f o r  th e  s-momentum 
eq u a t io n  and H fo r  th e  energy eq u a t io n .  The c o e f f i c i e n t s  a 1 t o  a r e
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w ritten  as: 
s-momentum, W « u:
B . _ j  a u d - s * )  ag . V 11^ ' 1 . j - 3Bc° se
'  U( 1 - e* ,  8" M  ( , . ™ shK )( 1 .e *) r  * " V 036
a
n ' n  . npu n . pv
+ -i " " ' ?------ =--------------- 2 + (3 .2 )
e p(1+e )(1+nnshK) e u(1+e )
nsh>c_________  3u(1+e+) dg _ nshK
2 p (1+ e+ )(1+nnsh ic) 3ti dn (1+e+) ( 1+rmsh <;
( 15 * - j ° ° 38. .  ) --------------- "3h’;,'T______  (3 3)
’ • " V 1 ^ s h 0039 £2 ( , . w  „ ,0 » < 1 .e * )sh
2 T -  
_________ I!3!!________  [IE -  j£ l „ „
3 £2( i . m sh« ) u ( i . c 4 ) SE n3h dri 8n
n . pu shK
a H '  ~ - 2 — =-------—  7 -  (3 -5 )
e ( l +nnsh K )p ( l+e )
Energy, W -  H:
P r (1+e+P r 7 t )
dg i_ [y_(1+e+_PL_) 1 + _!!!gh._
dfi 3n Pr E P r , t ;j 1+7{n . iesn
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j n s h cose + na V "  
r+nn . c o s e  2 + Pr w , -  .
sh  £ W ( " s  P r 7 t , (  nnsh‘:)
n .p v  shK
“2
a ______ Has------  [4g + n (-----*----- + _ J 2 £ 3 Q ----- )
3 u + Pr . dn 3n sh 1+fih . tc r+nn . c o s  
P r 1 Pr7t>
. ,  n . icvp u . v dg 9p _ sh
e2 dn 3n E2(l+ n n sh tc)
nsh pu
e2 p f  (1+e+P r 7 t )(1+^ n shlc)
where
jj— [P r  -  1 + e+ -  I )] -S - &  |S  -  A -
Pr L P r , t  J ngh dn 3n 1+^ ShK
The rem ain ing  f i r s t - o r d e r  e q u a t io n s  a r e  w r i t t e n  a s  
Global c o n t i n u i ty :





(3 .1 0 )
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x CC1+nnshK)pv ~ npu]} -  0 (3 .1 1 )
n-momentum:
pu 3v _ n sh  T|̂ >u 3v dg + pv 3v dg
( i +rTnsh<) 35 "  9n dn + nsh  3n dn
 Pu2|C-_  + _1_ 9p dg = o
( l +nh3hO  nsh  3n dTT (3 .1 2 )
S ta te :
p -  pT (Y -1)/Y  (3 .1 3 )
The m o lecu la r v i s c o s i ty  i s  g iv en  by th e  S u th e r la n d 's  law as
u -  [ ( 1+C)/(T+C)]T3 / 2  ( 3 . h i)
where
C .  c‘ / (Y -1 )m¥  (3 .1 5 )
*
and C i s  110.33 K fo r  a i r .
I n  th e  p reced in g  e q u a tio n s , th e  prime deno tes th e  d i f f e r e n t i a t i o n  
+
w ith  r e s p e c t  to  5 , and e i s  th e  eddy v i s c o s i ty  which i s  s e t  eq u a l to  
ze ro  fo r  a lam in ar flo w . The independen t v a r ia b le  o f  t r a n s fo rm a tio n  i s  
d e fin e d  by
n -  ■ g(n) (3 . 1 6 )
sh
The s t r e tc h in g  fu n c tio n  g (n ) ,  Eq. (2 .2 1 ) ,  i s  g iv en  by (a  -  0)
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8<" > ' '  -  T 7 P T  « - ' 7 )
and i t s  f i r s t  and second d e r iv a t iv e s  a re
^  " m [ l ^ }   ̂ (^ +1} + ( M - D   ̂ ( 3 ' 18)
^ i   [ ----- --------  -   --------  1 (3  1 9 ),-2 „_ rF + li 1 , t -  ,> 2  -  , , 2  J
dn (B -n +D  ( B + n - l ) 4
E q u atio n  (3 .1 7 ) p e rm its  th e  mesh to  be r e f in e d  n ea r th e  body w ith  
th e  v a lu e s  o f  B n ea r 1 g iv in g  th e  l a r g e s t  amount o f  s t r e t c h in g .
E quation  (3 .1 6 )  may be in v e r te d  to  o b ta in  th e  p h y s ic a l c o o rd in a te  n from 
th e  tran sfo rm ed  c o o rd in a te  n:
(B H )1 n -
1 -  8 t f  -  J (3 .2 0 )
The tra n s fo rm a tio n  o f  Eq. (3 .1 6 )  keeps th e  body a t  n * 0 and th e  shock 
a t  n “ 1 w ith  un ifo rm  mesh in  th e  co m p u ta tio n a l c o o rd in a te  n.
3 .3  Boundary C o n d itio n s  
At low a l t i t u d e ,  s l i p  e f f e c t s  a r e  n o t im p o rta n t. At th e  w a l l ,  no­
s l i p  and n o -tem p e ra tu re -ju m p  boundary c o n d it io n s  a re  u se d . The w a ll 
te m p e ra tu re  and e n th a lp y  a r e  s p e c i f ie d  a s  c o n s ta n t .
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The boundary c o n d it io n s  a t  th e  shock a re  c a lc u la te d  by u s in g  th e  
R ankine-H ugoniot r e l a t i o n s .  The nondim ensional form s a re  g iven  a s  
C o n tin u ity :
psh  ’ sh  -  '  S Ina ( 3 -21)
Tangent ial-moLientum:
agh -  cosa  (3-22)
Normal-momentum:
P -h “ + sin2<x (1 "  'T “ ) (3 .2 3 )




(Y+1)M2s i n 2c
ps h ------------- 2----- 2--------  (3 ’ 25)sn  (Y-1)M s i n  a + 2
where Q3h and ? sh  a re  th e  v e lo c i ty  components in  th e  t a n g e n t i a l  and
norm al d i r e c t io n s ,  r e s p e c t iv e ly ,  in  th e  s h o c k -o r ie n te d  c o o rd in a t io n  
system . These a re  r e l a t e d  to  th e  b o d y -o r ie n te d  c o o rd in a te  as
ush  “ ^sn  s L̂n^tx+S) + cos(a+B) (3 -26)
vsn  “ ~ Qsh 2 0 s(a+ 6  ̂ + vSh s i n (“ +B) (3 -27)
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3.4  T urbulence Models 
Two o f  th e  most w idely used a lg e b ra ic  tu rb u le n c e  m odels, namely 
th e  C ebeci-Sm ith  (CS) and Baldwin-Lomax (BL), have been im plemented in  
t h i s  s tu d y . A lg eb ra ic  tu rb u le n c e  models a re  more ap p e a lin g  because th ey  
r e q u ir e  l e s s  com puter s to ra g e  and much l e s s  co m p u ta tio n al tim e as 
compared to  th e  tw o -eq u a tio n  model o f  tu rb u le n c e , such a s  <-e model.
Both C ebeci-Sm ith  and Baldwin-Lomax models o f tu rb u le n c e  employ a two- 
la y e r  e d d y -v is c o s ity  fo rm u la tio n . The in n e r law i s  based upon P r a n d t l 's  
m ix in g -le n g th  c o n c e p t. The o u te r  law employs e i t h e r  th e  C la u se r-  
K lebanoff e x p re s s io n  ( in  th e  C ebeci-Sm ith model) o r an e q u iv a le n t 
e x p re ss io n  ( in  th e  Baldwin-Lomax model) f o r  computing th e  eddy 
v i s c o s i ty .
3 .4 .1  C ebeci-Sm ith  T urbu lence Model
The a lg e b r a ic  eddy v is c o s i ty  ( in  nondim ensional form) i s  g iven  by
e . n  £  ni  c ro sso v e r
(3 -28)
e+ n > no c ro sso v e r
where n i s  th e  va lue  o f  n a t  which v a lu e s  from th e  in n e r  andc ro sso v e r
o u te r  fo rm u las  a re  eq u a l.
The in n e r  eddy v is c o s i ty  i s  o b ta in ed  from th e  P ra n d tl  m ix ing-
le n g th  concept
e+ * — ——  I—  - ^ l  (3 29)i  2 >3n d n 1
e unsh
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The m ixing le n g th  £, i s  o b ta in e d  by u sin g  th e  van D r i e s t 's  p ro p o sa l 
s t a t e d  a s  [1 8 ,1 9 ]
£ -  K.]nsh r i[ l - e x p ( -n +/A+)]  (3-30)
where
n . np y 3u dg
The q u a n t i ty  i s  th e  von Karman c o n s ta n t w ith  a v a lu e  o f  0 - H, and A+
i s  a damping f a c to r  ex p ressed  ( fo r  flow s w ith  a  p re s su re  g ra d ie n t)  as 
[1 8 ,1 9 ]
A+ ■= 2 6 (1 -1 1 .8P+)~1 /2  (3 .3 2 )
where
and
U 3u dg 1 / 2
Ut " E b r “  ̂ (3 - 3J°t  P s h  3 r l dT1 w
For th e  o u te r  re g io n  o f  th e  v isc o u s  l a y e r ,  th e  eddy v i s c o s i ty  i s  
approxim ated by th e  C lau se r-K le b a n o ff  e x p re s s io n  [1 8 ,1 9 ]
eo “ (3-35)O 2
e y
where
5k ■ ;o 11 -  Hi73S <”> <3-3«
K, -  0 .0 1 6 8  (3 .3 7 )
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The boundary la y e r  th ic k n e s s ,  6 , in  Eqs. (3 -36 ) and ( 3 . 3 8 ) i s  
assumed to  be th e  v a lu e  o f  n a t  th e  p o in t where
Ht  /  Ht> -  -  0 .995 (3 .3 9 )
Another c r i t e r i o n  fo r  o b ta in in g  5 , b ased  on v isc o u s  d i s s ip a t io n ,  i s  th e  
h e ig h t where
J° ■ 0 .9 9 5
; 0 (d g /d n ) dT1
(3 .4 0 )
where
sh  sh
Thompson e t  a l .  [34] d e f in e d  th e  boundary la y e r  edge a t  a lo c a t io n  where 
d(Ht  /  Ht  J / d n  S 0 .5  (3 .4 2 )
A ll th re e  o f  th e s e  c r i t e r i a  have been u sed  in  t h i s  s tu d y .
3 .4 .2  Baldwin-Lomax T urbu lence  Model
T h is  model employs a fo rm u la tio n  s im ila r  to  th e  C ebeci-S m ith  model 
fo r  th e  in n e r - r e g io n  eddy v i s c o s i ty
(3 .4 3 )
e u
where I  i s  g iv en  by Eq. (3 .3 0 )  ex cep t t h a t  A+ i s  r e p la c e d  by A+ w hich i s  
d efin ed  as
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In  Eq. ( 3 .M ) ,  t i s  th e  lo c a l  sh ea r s t r e s s  o b ta in ed  from 
2 1 dg 3u ku i
l 3 - a 5 )
The m agnitude o f  th e  v o r t i c i t y ,  u i s  g iven  by
1 f8» ag 9» < i* w sh-<> 5u , ______
n tin an n -  KU'  (3 .^ 6 )( 1+nnsh O  35 na h dif3T, nsh ^  ^
The o u te r - e d d y -v is c o s i ty  app rox im ation  o f  th e  Baldwin-Lomax model 
r e p la c e s  th e  C lau se r-K leb an o ff fo rm u la tio n  by th e  r e l a t i o n
c !  -  Kg C°PP r” >|  W , l )  (3.117)
where K2 i s  a  c o n s ta n t g iven  by Eq. (3 .3 7 ) ,  Ccp i s  an a d d i t io n a l  
c o n s ta n t g iv en  a s  1 .6  [20] and
^wake “ nmax ^max (3 .4 8 )
The q u a n t i t i e s  n „ and F „ a r e  th e  v a lu e s  a t  th e  lo c a t io n  o f  th e  max max
maximum v a lu e  in  th e  v o r t i c i t y  fu n c tio n
F (n) -  nsh n|a)| ( l - e x p ( - n +/A+))  (3.*»9)
The K lebanoff in te rm it te n c y  f a c to r ,  F , i s  g iven  by
KLEB
C « 6 “ 1
F (Tj) _ 1 5 0 ,KLEB ^ ■=• / ; (3 .5 0 )
max
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where CKleb " ° ’3
I t  has been found t h a t  th e  v a lu e  o f C depends on th e  Machcp
number. Baldwin and Lomax [20] chose a v a lu e  o f  1 .6  fo r  C by
comparing w ith  th e  C eb ec i-S m ith ’ s  tu rb u le n c e  model fo r  t r a n s o n ic ,  
c o n s ta n t p re s s u re  boundary la y e r  flo w s. However, a v a lu e  o f  3 .0  f o r  C
i s  found more a p p ro p r ia te  fo r  h y p e rso n ic  flow  [3 7 ] .
3 .4 .3  T ra n s i t io n  Model
tu rb u le n t  flow  have been in c lu d ed  in  t h i s  s tu d y . In s ta n ta n e o u s  
t r a n s i t i o n  i s  i n i t i a l i z e d  when th e  lo c a l  Reynolds number o r momentum- 
th ic k n e s s  Reynolds number exceeds a p re s e le c te d  v a lu e . C ontinuous 
t r a n s i t i o n  i s  e f f e c te d  by d e f in in g  a stream w ise  t r a n s i t i o n  in te rm it te n c y
f a c to r  7 . which m o d ifies  th e  com posite eddy v i s c o s i ty  e+ over a
s p e c i f ic  d is ta n c e  along  th e  body.
The f a c to r  7 i s  e v a lu a te d  by a r e l a t io n  developed  by Dhawan and
1 t £
Narasimha [39] as
7 -  1 -e x p (-0 .4 l2 g )  (3 .5 1 )
1 t S
where
-  * ( s - e 0 >
5 ‘  l 3 -52)
The q u a n ti ty  i s  th e  lo c a t io n  where th e  t r a n s i t i o n  i s  s t a r t e d  and x 
i s  app rox im ate ly  eq u a l to  two.
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
4 3
3 .5  Method o f S o lu tio n
The o v e r a l l  method o f  s o lu t io n  employed i s  an im p l i c i t  f i n i t e -  
d i f fe re n c e  s p a tia l-m a rc h in g  method, s im ila r  to  th e  one employed by 
D avis, and Anderson and Moss [1 2 ,1 9 ] .  However, th e  method i s  
im plemented in  t h i s  s tu d y  d i f f e r e n t l y  because  convergence problem s a re  
encoun tered  fo r  s le n d e r  b o d ie s  i f  th e  method o f  s o lu t io n  o u t l in e d  in  
th e se  re fe re n c e s  i s  employed.
To s im p lify  th e  n u m erica l co m p u ta tio n s, th e  v is c o u s  s h o c k - la y e r  
e q u a tio n s  a re  ag a in  tran sfo rm ed  by n o rm aliz in g  most o f  th e  v a r ia b le s  
w ith  t h e i r  lo c a l  shock v a lu e s .  I t  shou ld  be p o in te d  o u t t h a t  th e  norm al 
v e lo c i ty ,  a t  th e  shock may change s ig n  a t  some lo c a t io n s  and may be n ea r 
ze ro  a t  o th e r s .  The n o rm alized  v - p r o f i le s  in  such a re g io n  a r e  n o t very  
w e ll behaved and s t a b i l i t y  problem s can occu r i f  th e s e  p r o f i l e s  a re  used 
in  th e  s o lu t io n  p ro c ed u re . T h e re fo re , i t  i s  d e s i r a b le  to  remove th e  
n o rm a liz a tio n  p ro ced u re  from th e  norm al v e lo c i ty  p r o f i l e .
When th e  norm al c o o rd in a te  i s  norm alized  w ith  r e s p e c t  to  th e  lo c a l  
shock s ta n d o f f  d is ta n c e ,  a c o n s ta n t number o f  f i n i t e - d i f f e r e n c e  g r id  
p o in ts  between th e  body and shock a re  used . The second o rd e r  e q u a tio n s , 
Eqs. (3 .1 )  th ro u g h  (3 .1 0 ) ,  a r e  so lv ed  by u s in g  th e  f i n i t e  d i f f e r e n c e  
method. The d e r iv a t iv e s  a r e  re p la c e d  w ith  f i n i t e - d i f f e r e n c e  e x p re s s io n s  
in  a such way th a t  th r e e -p o in t  c e n t r a l  d i f f e re n c e s  in  th e  r r d i r e c t i o n  
and tw o -p o in t backward d if f e r e n c e s  in  th e  ^ - d i r e c t io n  o c c u r . The 
t ru n c a t io n  term s o f  o rd e r and e i t h e r  ArinAnn_1 or a re
n e g le c te d . The s u b s c r ip t  n d en o tes  th e  g r id  p o in t  a lo n g  a l i n e  norm al 
to  th e  body s u r fa c e ,  w hereas th e  s u b s c r ip t  m d en o tes  th e  g r id  s t a t i o n
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along  th e  body s u r fa c e . R ep lac ing  th e  d i f f e r e n t i a l  term s by th e  f i n i t e -  
d i f f e re n c e  e x p re s s io n s , th e  govern ing  e q u a tio n s  a rc  ex p ressed  as
E qu atio n  (3 .5 3 ) along  w ith  th e  boundary c o n d itio n s  c o n s t i t u te s  a  system  
o f  th e  t r id ia g o n a l  form , fo r  which e f f i c i e n t  co m p u ta tio n a l p ro c e d u re s  
a re  a v a i la b le .
To avo id  th e  i n s t a b i l i t y  problem  encoun te red  by th e  t r a d i t i o n a l  
approach [1 2 ,1 9 ] and from th e  h y p e rso n ic  sm all d is tu rb a n c e  th e o ry  [14] 
fo r  a  flow on a s le n d e r  body, th e  two f i r s t - o r d e r  e q u a tio n s  — th e  
c o n t in u i ty  and normal-momentum eq u a tio n s  — a re  so lv ed  s im u lta n e o u s ly  as 
a coupled  s e t  r a th e r  th an  in  a su c c e s s iv e  manner fo r  th e  p re s s u r e ,  p , 
and norm al v e lo c i ty ,  v . The d e n s ity  in  th e se  e q u a tio n s  i s  e l im in a te d  
th rough  use o f  th e  eq u a tio n  o f  s t a t e .  The r e s u l t i n g  e q u a tio n s  a re
(3 .5 3 )
where
A (3 .5 4 )n AV l (AV AV l ) AV i (AV AV i )
B -  -------------
n Ah AiL . n n -l
2
(3 .5 5 )
Cn “ Ahn (Ahn+Ahn_ 1 ) + Ahn (Ahn+Ahn_ 1 ) (3 .5 6 )
(3 .5 7 )
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
45
and
3E l" s h (r ' ,,nSl1“ s e ) f u * ffl 4  { ( r .n n 3hooS8)
x ^ 1+r'n sh< ^ Y  ~ ns h n^ T ^  “ 0 (3 .5 8 )
nsh pu 9v nshnup 3v dg 9v dg
( l +nnsh ic) 35 ̂ 1+Tih sh'c  ̂ d^  + VP ®T1 d^
2
n hKU p Y 3p dg
T i T ^ T  * <— , T  8 S « - °  <3-59>
E q u a tio n s  (3 .5 8 )  and (3 -59 ) a re  ex p ressed  in  th e  f i n i t e - d i f f e r e n c e  form 
a t  p o in ts  (m ,n+1/2) and (mfn -1 /2 )  u s in g  a box scheme d is c u s s e d  by 
R ichtm yer [ 4 0 ] .  The f i n a l  form s a re
Ac ,n + 1 /2  vm,n+1 + Bc ,n + 1 /2  vm,n + ^ c ,n + 1 /2  pm,n+1 
+ Bc ,n + 1 /2  pm,n * Bc ,n + 1 /2  (3 -60 )
Ac ,n - 1 /2  Vr.,n  + Bc ,n - 1 /2  Vm,n-1 + ^ c ,n -1 /2  pm,n 
+ Dc ,n - 1 /2  pm,n-1 * “ c ,n -1 /2  (3 .6 1 )
ANM,n+1/2 vm,n+1 + BNM,n+1/2 vm,n + CNM,n+1/2 r m,n+1 
+ °NM,n+1/2 pm,n “ ENM,n+1/2 (3 .6 2 )
NM ,n-1/2 vm,n + BNM ,n-1/2 Vm,n-1 + CNM,n-1/2 pm,n
/
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DN M , n - 1 / 2  Pm , n - 1  “  EN M , n - 1 / 2 ( 3 . 6 3 )
The c o e f f i c i e n t s  o f  th e se  eq u a tio n s  a re  g iven  in  Appendix A. E lim in a tin g  
p and v a l t e r n a t iv e l y  in  th e  coupled e q u a tio n s , Eqs. (3 -6 0 )—( 3 . 6 3 ) ,  two 
t r id ia g o n a l  e q u a tio n s  f o r  p re s s u re  and normal v e lo c i ty  a re  o b ta in e d  as
The c o e f f i c i e n t s  th rough  Kg a r e  a ls o  g iven  in  Appendix A. E q u a tio n s
(3-64) and (3 .6 5 )  a re  so lv ed  in  th e  same way a s  th e  energy  and s -  
momentum e q u a tio n s .
By in te g r a t in g  th e  c o n t in u i ty  e q u a tio n  from n-0  to  tj—1, a 
q u a d ra tic  e q u a tio n  fo r  th e  shock s ta n d o ff  d is ta n c e  i s  o b ta in e d . The 
d e n s ity  i s  d e te rm in ed  by th e  eq u a tio n  o f  s t a t e .
The s o lu t io n  i s  s t a r t e d  a t  th e  s ta g n a t io n  s tre a m lin e  where th e  
v a r io u s  f lo w f ie ld  q u a n t i t i e s  a re  expanded in  te rm s o f  th e  d i s ta n c e ,  5 , 
along th e  body s u r fa c e  [1 9 ,2 6 ] .  T hese s e r i e s  ex pansions reduce  th e  
p a r t i a l  d i f f e r e n t i a l  e q u a tio n s , Eqs. (3 .1 )  th rough  (3 .1 2 ) ,  to  o rd in a ry  
d i f f e r e n t i a l  e q u a tio n s  in  term s o f  n . At a body l c ^  i io n  m, o th e r  th an  
th e  s ta g n a t io n  s t r e a m lin e ,  a  tw o -p o in t backward d if f e re n c e  scheme i s  
used fo r  th e  d e r iv a t iv e  w ith  r e s p e c t  to  I  a t  th e  p o in t (m ,n ). T h is  
aga in  g iv e s  o rd in a ry  d i f f e r e n t i a l  eq u a tio n s  a t  lo c a t io n  m in  te rm s o f  n 
fo r  Eqs. (3 .1 )  th rough  (3 .1 2 ) .  The f i n i t e - d i f f e r e n c e  form o f  th e se  
o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  (o b ta in e d  th ro u g h  th e  c e n t r a l  
d i f f e re n c e s )  can be so lv ed  by u s in g  th e  Thomas A lgorithm . F ig u re  3.1 
g iv es  th e  flow c h a r t  f o r  th e  s o lu t io n  sequence o f  th e se  e q u a tio n s .
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(3 .6 4 )
K_ v , + K, v + K_ v , « K0 b m,n+1 6 m ,n 7 m,n-1 8 (3 -6 5 )
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I n i t i a l  g u e s s  f o r  a l l  p r o f i l e  q u a n t i t i e s
Y e sN o
C o n v e r g e n c e
E d d y  v i s c o s i t y .  D
A d v a n c e  t o
s t a t i o n  m + l
T r a n s p o r t  p r o p e r t y ,  p
S o l v e  e q u a t i o n  o f  s t a t e  f o r  P
S h o c k  s o l u t i o n  a t  s t a t i o n  m
S o l v e  e q u a t i o n  o f  s t a t e  f o r  p
S o l v e  s - m o m e n t u m  e q u a t i o n  f o r  u
S o l v e  e n e r g y  e q u a t i o n  f o r  H  a n d  T
S o l v e  c o n t i n u i t y  e q u a t i o n  f o r  n s h
S o l v e  c o n t i n u i t y  a n d  n - m o m e n t u o  
e q u a t i o n s  s i m u l t a n e o u s l y  f o r  v  a n d  p
F i g .  3.1  S o l u t i o n  s e q u e n c e  o f  v i s c o u s  s h o c k - l a y e r  e q u a t i o n s .
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The V igneron c o n d itio n  [H i] ( fo r  th e  p re s su re  g ra d ie n t  in  th e
stream w ise momentum e q u a tio n ) has been used fo r  m arching in  th e  su b so n ic
nose re g io n . In  t h i s  c o n d it io n , a p o r tio n  o f  th e  p re s s u re  g ra d ie n t  i s
t r e a te d  im p l ic i t ly  by em ploying a tw o -p o in t backward d i f f e r e n c e  scheme.
The rem ainder p o r t io n  o f  th e  p re s su re  g ra d ie n t  i s  forw ard  d i f f e re n c e d  to
a llo w  fo r  upstream  in f lu e n c e s .
The s o lu t io n  i s  i t e r a t e d  a t  lo c a t io n  m u n t i l  convergence i s
ach iev ed . The s o lu t io n  advances to  th e  n e x t body s t a t i o n ,  m+1, and u se s
th e  p re v io u s  converged s o lu t io n  p r o f i l e s  a s  i n i t i a l  v a lu e s  f o r  s t a r t i n g
th e  s o lu t io n  a t  m+1. T h is  p ro ced u re  i s  re p e a te d  u n t i l  a g lo b a l  s o lu t io n
a t  a l l  body lo c a t io n s  i s  o b ta in e d .
The i n i t i a l  shock shape i s  c r e a te d  by th e  th in  la y e r  ap p ro x im a tio n
0
fo r  a  s h o r t  w id e -an g le  body (35 sp h e re -co n e , fo r  ex am p le). The shock 
shape o b ta in ed  from a f u l l - l a y e r  s o lu t io n  to  t h i s  body shape i s  th en  
used a s  an i n i t i a l  g u ess  fo r  th e  s le n d e r  b o d ies  in  a s e q u e n t ia l  manner
by red u c in g  th e  body a n g le s  in  s te p s  o f  5 to  10 d e g re e s . In  p la c e  o f 
th e  shock s ta n d -o f f  d is ta n c e  used  p re v io u s ly  [1 7 ,H 2 ], i t s  d e r iv a t iv e  in  
th e  stream w ise d i r e c t io n  i s  smoothed a f t e r  each g lo b a l i t e r a t i o n .
Due to  th e  change in  s ig n  o f  th e  norm al v e lo c i ty  p r o f i l e  from 
s t a t i o n  to  s t a t i o n ,  an u n d e r - re la x a t io n  scheme [H3]
F = 2F.| + (1 -2 ) Fg  (3 -6 6 )
has been employed in  th e  p re s e n t  work. H ere F1 i s  th e  m ost r e c e n t ly
c a lc u la te d  p h y s ic a l  q u a n t i ty  and F^ i s  th e  v a lu e  o b ta in e d  from  th e
p re v io u s  lo c a l  i t e r a t i o n .  A v a lu e  o f 2 o f  0 .2  to  0.H g iv e s  convergence
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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in  most c a s e s .  In  g e n e ra l ,  an u n d e r - r e la x a t io n  was r e q u ire d  o n ly  fo r  
th e  p re s s u re  and norm al v e lo c i ty .
Depending upon th e  i n i t i a l  ap p ro x im atio n  to  th e  shock sh ap e  
(w hether o b ta in e d  by u s in g  th e  th in  s h o c k - la y e r  form o f  normal-momentum 
eq u a tio n  or from a la r g e r  body an g le  s o l u t io n ) , th e  f i r s t  g lo b a l  p a ss  
s o lu t io n  may be im proved by su b seq u en t g lo b a l i t e r a t i o n s .
3 .6  R e s u lts  and D iscu ss io n s
N um erical s o lu t io n s  to  th e  p re v io u s ly  d is c u s s e d  v isc o u s  shock-
la y e r  e q u a tio n s  fo r  th e  h y p e rso n ic  flow  over a long s le n d e r  body have
been o b ta in e d . R e s u lts  fo r  la m in a r ,  t r a n s i t i o n a l ,  and tu r b u le n t  flow s
o f  a p e r f e c t  gas a r e  compared w ith  th e  ex p e rim en ta l d a ta  a n d /o r w ith
num erica l s o lu t io n s  in  th e  l i t e r a t u r e .  The s o lu t io n s  a r e  chosen fo r  
0 0
sm all body an g le  (5 t o  35 ) h y p e rb o lo id s  and sp h e re -c o n e s  a t  z e ro -  
degree  an g le  o f  a t t a c k .  The f r e e  s tream  R eynolds numbers a r e  w ith in  th e
range from 1 .2  X 10^ t o  3-5 X 10^.
3 .6 .1  Comparison o f  th e  P re s e n t Method w ith  C ascading  Method
F ig u re s  3 .2  to  3 . 6  show th e  e f f e c t  o f  s o lv in g  th e  norm al momentum
and c o n t in u i ty  e q u a tio n s  s im u lta n e o u s ly  in  a coup led  way a s  compared to
so lv in g  a l l  th e  g o vern ing  e q u a tio n s  in  a s u c c e s s iv e  way [1 2 ,1 9 ] .
R e s u lts  o f  shock s t a n d - o f f  d i s ta n c e ,  w a ll p re s s u re ,  and sk in  f r i c t i o n
0
c o e f f i c i e n t  a re  shown in  F ig s .  3 .2  t o  3 .1* fo r  a  h y p e rb o lo id  w ith  20 
h a lf-b o d y  a n g le . I t  i s  c l e a r ly  n o tic e d  th a t  th e  s o lu t io n s  o s c i l l a t e  in  
th e  downstream re g io n  w ith  th e  ca scad in g  app roach . I t  i s  a l s o  n o t ic e d  
th a t  t h i s  i n s t a b i l i t y  can be removed when co u p lin g  i s  im plem ented 
betw een th e  norm al momentum and c o n t in u i ty  e q u a tio n s .
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F ig u re s  3 .5  and 3 . 6  show th e  r e s u l t s  fo r  shock s ta n d -o f f  d is ta n c e
0
and S ta n to n  number d i s t r i b u t i o n  fo r  a 35 sp h ere -co n e  w ith o u t co u p lin g  
th e  two f i r s t - o r d e r  e q u a tio n s . O s c i l l a t io n  in  th e  s o lu t io n  i s  no ted  in 
th e  v i c i n i ty  o f  th e  tangency  p o in t  where th e  c u rv a tu re  i s  d isc o n tin u o u s . 
The c u rv a tu re  i s  equa l to  one on th e  s p h e r ic a l  p a r t  and z e ro  on th e  
c o n ic a l p a r t .  I t  i s  im p o rtan t to  no te  th a t  coup ling  th e  two f i r s t - o r d e r  
eq u a tio n s  can s t a b i l i z e  th e  s o lu t io n s  a t  t h i s  d i s c o n t in u i ty .
3 .6 .2  Comparison o f  th e  P re se n t Method w ith  o th e r  P re d ic t io n s  and D ata 
f o r  Lam inar flow s
The r e s u l t s  o b ta in e d  by th e  p re se n t method (VSL2D) a re  compared 
w ith a n o th e r method (VSL3D) in  F ig s .  3 .7  t o  3 -1 0 . The r e s u l t s  o f  VSL3D 
were o b ta in e d  by Thompson [ W ] .  F ig u re  3 .7  g iv es  th e  convergence 
h is to ry  o f  th e  s tream w ise  d e r iv a t iv e  o f  th e  shock s t a n d - o f f  d is ta n c e  f o r  
th e  p re s e n t m ethod. I t  i s  seer: t h a t  s o lu t io n s  do n o t d iv e rg e  w ith  th e  
subsequen t g lo b a l  p a s s e s .  F ig u re  3 . 8  p r e s e n ts  a com parison o f  th e  
boundary la y e r  th ic k n e s s ,  a s  o b ta in e d  by th e  VSL2D and VSL3D m ethods.
The boundary la y e r  th ic k n e s s  i s  d e f in e d  a s  th e  lo c a t io n  where H /H
0 .995 . The p r e d ic t io n s  o f  th e  boundary la y e r  th ic k n e s s  a re  q u i t e  
d i f f e r e n t  by th e  two m ethods. The VSL3D r e s u l t s  show a  b ig  jump in  th e  
boundary la y e r  th ic k n e s s .  In  s p i t e  o f t h i s  d i f f e r e n c e ,  th e  lam in a r 
h e a t t r a n s f e r  and s k i n - f r i c t i o n  c o e f f i c i e n t s  compare w e ll a s  shown in  
F ig s . 3*9 and 3 .1 0 .
0
A com parison o f  s u r fa c e  h e a t t r a n s f e r  r e s u l t s  f o r  a long  5 
sp h ere -co n e  betw een th e  p re s e n t  v isc o u s  sh o c k - la y e r  (VSL) and 
p a ra b o liz e d  N a v ie r-S to k es  (PNS) p r e d ic t io n s  [^ 5 ] i s  g iv en  in  F ig . 3*11. 
The VSL r e s u l t s  a r e  ab o u t f i v e  to  te n  p e rc e n t h ig h e r f o r  most o f  th e
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body le n g th  as compared to  th e  PNS r e s u l t s .  The PNS p re d ic t io n s  employ 
fo u r th -o rd e r  e x p l i c i t  and seco n d -o rd e r im p l ic i t  sm oothing te rm s , whereas 
th e  p re se n t VSL c a lc u la t io n s  do not use any sm oothing. F u rth erm o re , th e  
s t a b i l i t y  o f  PNS s o lu t io n s  r e s t r i c t s  th e  re d u c tio n  o f  th e  norm al g r id  
spac ing  a d ja c e n t to  th e  w all ( r e q u ire d  fo r  a c c u ra te  h e a t t r a n s f e r  
p re d ic t io n s )  i f  a r e l a t i v e l y  la rg e  m arching s te p s iz e  i s  r e q u ir e d  f o r  a 
long  body. S ince  th e  PNS r e q u ir e s  a s t a r t i n g  s o lu t io n  th a t  d e s c r ib e s  
th e  subson ic  re g io n , any s t a r t i n g  s o lu t io n  e r r o r s  d i s t o r t  th e  PNS 
r e s u l t s  in  th e  nose  re g io n . In  th e  VSL m ethod, th e  s t a r t i n g  p r o f i l e s  
a re  c re a te d  a s  p a r t  o f  th e  s o lu t io n  and, th u s , th e  method i s  s e l f -  
s t a r t i n g .
F ig u re s  3 .12  to  3 .15  show com parisons o f  r e s u l t s  o b ta in e d  from th e
p re se n t method w ith  a v a i la b le  ex p e rim en ta l d a ta .  A com parison o f  th e
0
p re d ic te d  p re s s u re  d i s t r i b u t i o n s  on a 10 h y p erb o lo id  w ith  th e  
ex p e rim en ta l d a ta  [4 6 ] ,  a s  w e ll a s  w ith  th e  r e s u l t s  o f  Hosny e t  a l .
[1 5 ] , i s  g iven  in  F ig .  3*12. Both p re d ic t io n s  compare q u i te  w e ll w ith  
th e  d a ta . Hosny e t  a l .  [15] so lv ed  a l l  govern ing  eq u a tio n s  in  a coupled  
manner which may r e q u ir e  more com pu tational tim e a t  every  p o in t  in  th e  
flow , e s p e c ia l ly  i f  r e a l  gas p ro p e r t ie s  a re  in c lu d e d . The p re s e n t  
method w ith  th e  co u p lin g  betw een th e  two f i r s t - o r d e r  e q u a tio n s  g iv e s  
eq u a lly  a c c u ra te  r e s u l t s .  The p re sen t approach may be more ap p e a lin g  
fo r  r e a l  gas c a lc u la t io n s  where lo c a l  i t e r a t i o n s  a re  r e q u ir e d  to  u pdate  
th e  chem ical com position  a long  w ith  th e  t r a n s p o r t  and thermodynamic 
p ro p e r t ie s .
The p re se n t method g iv e s  su rfa c e  h e a t t r a n s f e r  r a t e s  which compare
0
q u ite  w ell w ith  th e  d a ta  o f  C leary  [47] f o r  a 15 sp h e re -co n e  a s  shown
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in  F ig . 3.13* As shown in  F ig s .  3 .14 and 3 .1 5 , th e  p re se n t p r e d ic t io n s
fo r  th e  w all p re s s u re  d i s t r i b u t i o n  and s u r fa c e  h e a t t r a n s f e r  r a t e  on a 
0
12.84 sp h e re -co n e  ag ree  f a i r l y  w ell w ith  th e  ex p e rim en ta l v a lu e s  o f  
M ille r  [4 8 ,4 9 ] .
3 .6 .3  Comparison o f  P re d ic t io n s  w ith  d i f f e r e n t  T urbu lence Models and 
D ata fo r  Long S len d er B odies
C ebeci-Sm ith  [18 ] and Baldwin-Lomax [20] tu rb u le n c e  m odels a re  
im plemented in  th e  p re s e n t  method to  p r e d ic t  tu rb u le n c e  e f f e c t s .  
T ra n s it io n  to  tu rb u le n c e  i s  modeled by u s in g  th e  Dhawan and Narasim ha 
method [3 9 ] .
F ig u re s  3 .16  to  3 .18  show a  com parison betw een th e  r e s u l t s  f o r  a
0
10 sp h ere -co n e  a s  o b ta in e d  by th e  VSL2D and VSL3D [44] m odels. The
C ebeci-Sm ith  tu rb u le n c e  model i s  im plemented in  b o th  s o lu t io n s .  The
*  *
o n se t o f  t r a n s i t i o n  i s  s e t  a t  s  /R„ -  2 .0 .  The d e f in i t i o n  o f  th eN
boundary la y e r  edge i s  based on th e  t o t a l  e n th a lp y  ( i . e . ,  H /H «v 1 1
0 .9 9 5 ) . The r e s u l t s  f o r  th e  boundary la y e r  th ic k n e s s  a re  shown in  F ig . 
3 .1 6 . S im ila r  to  th e  r e s u l t s  fo r  th e  lam inar flow  (F ig . 3 . 8 ) ,  th e s e  
r e s u l t s  a ls o  d i f f e r  s i g n i f i c a n t l y  w ith  each o th e r .  However, t h i s  
d if f e re n c e  in f lu e n c e s  th e  s u r fa c e  h e a t t r a n s f e r  r a t e  and s k in  f r i c t i o n  
c o e f f i c i e n t  p r e d ic t io n s  s i g n i f i c a n t l y  f o r  a tu rb u le n t  flow  a s  shown in  
F ig s .  3 .17 and 3 .1 8 .
The le n g th  and v e lo c i ty  s c a le s  in  th e  C ebeci-Sm ith  model a r e  
s t ro n g ly  dependent on th e  boundary la y e r  edge lo c a t io n ,  and th e s e  
in f lu e n c e  th e  s u r fa c e  p r o p e r t ie s .  Due to  t h i s  d i f f i c u l t y ,  Thompson e t  
a l .  [34] d e fin ed  th e  b o u n d a ry -la y e r  edge lo c a t io n  based  on th e  g r a d ie n t
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
o f th e  t o t a l  e n th a lp y  [3 (H /H ) / 3 n ] - With t h i s  d e f in i t i o n ,  goodt> b|®
agreem ent between th e  VSL2D and VSL3D r e s u l t s  i s  o b ta in e d  fo r  th e  
s u r fa c e  h e a t t r a n s f e r  r a t e  (F ig . 3 .1 9 ) .  The r e s u l t s  o b ta in ed  by u s in g  
th e  c l a s s i c a l  t o t a l  en th a lp y  d e f in i t i o n  fo r  th e  b o u n d a ry -lay e r edge a re  
a l s o  shown in  F ig .  3 -1 9 . I t  i s  n o ted  th a t  th e  new boundary la y e r  
d e f in i t io n  g iv e s  r e s u l t s  com parable to  th e  c l a s s i c a l  d e f in i t i o n  a long  a 
long body [371 .
0
The r e s u l t s  fo r  th e  tu r b u le n t  flow  over a 9 sp h e re -co n e  a re  
i l l u s t r a t e d  in  F ig s .  3-20 to  3 .2 5 . The h em isp h e ric a l p o r t io n  o f  th e  
model was roughened in  o rd e r  to  in s u re  a tta in m e n t o f  tu rb u le n c e  flow  
over t h i s  re g io n  [5 0 ] .  T hree  d i f f e r e n t  d e f in i t i o n s ,  which a r e  based  on 
th e  t o t a l  e n th a lp y , th e  g r a d ie n t  o f  t o t a l  e n th a lp y , and th e  d i s s ip a t io n  
m odels, fo r  th e  boundary la y e r  edge lo c a t io n s  have been used  to  
c a lc u la te  th e  tu r b u le n t  h e a t in g  w ith  th e  C ebeci-Sm ith  model a s  g iv en  in  
F ig . 3 .2 0 . I t  i s  seen  c le a r ly  t h a t  p r e d ic t io n s  from th e  t o t a l  en th a lp y  
and t o t a l  e n th a lp y  g ra d ie n t  m odels a re  com parable to  th e  ex p e rim en ta l 
d a ta .  The boundary la y e r  th ic k n e s s  based on th e  d i s s ip a t io n  model does 
n o t g iv e  h e a t t r a n s f e r  p r e d ic t io n s  com parable to  th e  c l a s s i c a l  e n th a lp y  
model.
The Baldwin-Lomax model u se s  th e  d i s t r i b u t i o n  o f  v o r t i c i t y  to  form 
th e  o u te r  le n g th  s c a le .  I t  i s  known th a t  th e re  may be more th an  one 
peak in  th e  v o r t i c i t y  fu n c tio n  [3 8 ] .  F ig u re s  3.21 to  3 .23  g iv e  th e  
d i s t r i b u t i o n s  o f  th e  v o r t i c i t y  fu n c tio n  a t  th re e  d i f f e r e n t  lo c a t io n s .
I t  i s  seen  t h a t  th e r e  i s  more th an  one peak a t  each lo c a t io n .  The 
c o r r e c t  peak th a t  shou ld  be p ick ed  i s  n ea r th e  body s u r f a c e .  The 
Baldwin-Lomax model p roposed  o r ig in a l ly  [20] was fo r  c o n s ta n t p re s s u re
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-j
boundary la y e r s  a t  t r a n s o n ic  sp eed s . T h is  model has been m o d ified  to
in c lu d e  th e  e f f e c t  o f  p re s s u re  g ra d ie n t  on th e  damping f a c to r  A+ [3 7 ] .  
R e s u lts  o f  s u r fa c e  h ea t t r a n s f e r  f o r  bo th  models a re  g iv en  in  F ig . 3 .2 4 . 
When compared to  th e  ex p e rim en ta l d a ta ,  th e  o r ig in a l  model p r e d ic t s  w e ll
*  *
up to  th e  tangency  p o in t ( s  /RN * 1 .5 )  in  th e  fa v o ra b le  p re s s u re
g ra d ie n t re g io n , w hereas th e  m o d ified  model g iv e s  good p r e d ic t io n s  in
th e  ad v e rse  p r e s s u r e -g r a d ie n t  re g io n  and beyond. I t  was, th e r e f o r e ,
d ec ided  to  combine th e  two m odels. The p r e d ic t io n s  f o r  th e  combined
p re s s u re  g ra d ie n t  models im plem ented in  th e  Baldwin-Lomax model a r e
g iven  in  F ig . 3 .2 5 . H ere th e  o r ig in a l  Baldwin-Lomax model i s  u sed  up to
th e  tangency  p o in t  and th e  m od ified  model i s  used  a f te rw a rd s .  The
combined model g iv e s  very  good p r e d ic t io n s  when compared to  th e
ex p erim en ta l d a ta  a lo n g  th e  e n t i r e  body le n g th .  A lso in c lu d ed  in  t h i s
f ig u r e  a r e  th e  p r e d ic t io n s  o b ta in e d  w ith  th e  C ebeci-Sm ith  model. The
two m odels g iv e  a lm o st th e  same s u r fa c e  h e a t t r a n s f e r  p r e d ic t io n s .
0
The r e s u l t s  fo r  th e  S ta n to n  number d i s t r i b u t i o n s  fo r  a 7 s p h e re -
cone a r e  g iven  in  F ig s .  3-26 and 3 -2 7 . The t r a n s i t i o n  to  tu rb u le n c e  i s  
* *
i n i t i a l i z e d  a t  s  /RN -  4 .8  a s  g iv en  by th e  d a ta  o f  C arver [5 1 ] .
R e su lts  by using  th e  C ebeci-S m ith  tu rb u le n c e  model w ith  two boundary 
la y e r  edge d e f in i t io n s  based  on th e  t o t a l  en th a lp y  and i t s  g ra d ie n t  a r e  
shown in  F ig . 3 .2 6 . Both d e f in i t i o n s  g iv e  s u r fa c e  h e a t  t r a n s f e r  r a t e  
p r e d ic t io n s  w ith in  15? to  th e  ex p e rim en ta l d a ta .  T here i s  an in c re a s e
i n  th e  v a lu e  o f  S ta n to n  number a t  a s  /R^ lo c a t io n  o f  ab o u t 15 by u s in g
th e  t o t a l  en th a lp y  d e f in i t i o n  fo r  th e  boundary la y e r  th ic k n e s s .  T h is  i s  
p rob ab ly  due to  th e  poor r e s o lu t io n  o f  th e  g r a d ie n ts  o f  v a r io u s
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f lo w f ie ld  q u a n t i t i e s  a t  th e  boundary la y e r  edge a t  t h i s  body lo c a t io n .
T h is  problem  can be overcome th rough  th e  use o f  a d a p tiv e  g r id s .  The
observed in c re a s e  in  th e  h e a tin g  d a ta  in  F ig s .  3 .26 and 3.27 w ith
in c re a s in g  body lo c a t io n  i s  p robably  due to  th e  e n tro p y - la y e r
sw allow ing . T h is  t re n d  i s  a ls o  v i s ib le  from th e  t h e o r e t i c a l
p r e d ic t io n s .  Once th e  sw allow ing i s  com ple te , th e  d a ta  and p r e d ic t io n s
would p ro b ab ly  show a d e c re a s in g  tre n d  w ith  in c re a s in g  body d i s ta n c e .
S in ce  th e  s e n s i t i v i t y  o f  th e  s u r fa c e  h e a t t r a n s f e r  r a t e  on th e
boundary la y e r  th ic k n e s s  d e f in i t i o n  does n o t e x i s t  in  th e  Baldwin-Lomax
tu rb u le n c e  m odel, th e  S ta n to n  number d i s t r i b u t i o n  was o b ta in e d  u s in g
t h i s  model in  F ig . 3 -2 7 . A com parison o f  p r e d ic t io n s  w ith  th e
ex p e rim en ta l d a ta  shows t h a t  a v a lu e  o f  3 -0  fo r  C g iv e s  b e t t e r  r e s u l t scp
a s  compared to  th e  v a lu e s  o f  2 .08  su g g ested  fo r  M̂  = 3 by K night [2 1 ] or 
th e  o r ig in a l  v a lu e  o f  1 .6  g iven  f o r  M w -  1 [2 C ]. T h is  c o e f f i c i e n t
which ap p ears  in  th e  Baldwin-Lomax o u te r  fo rm u la tio n  i s  dependent upon
th e  flow  Mach number. The v a lu e  o f  3 in f e r r e d  h e re  fo r  C a t  M « 8cp ®
along  w ith  th e  o th e r  su g g es ted  v a lu e s  fo r  d i f f e r e n t  Mach numbers p o in t  
to  a  l in e a r  dependence o f  C on th e  flow  Mach number in  th e  ran g e  1 £ M
$ 8 . A d d itio n a l com parisons w ith  d a ta  a r e  n ec essa ry  to  v e r i f y  t h i s  
dependence.
0
The s u r fa c e  h e a t t r a n s f e r  r e s u l t s  f o r  a 5 sp h e re -co n e  o b ta in e d  by 
usin g  th e  C ebeci-Sm ith  and th e  m odified  Baldwin-Lomax models o f 
tu rb u le n c e  a r e  i l l u s t r a t e d  in  F ig . 3 .2 8 . The r e s u l t s  o f  lam in a r flow  
c a lc u la t io n s  a r e  shown in  t h i s  f ig u r e .  T hese c a lc u la t io n s  were 
perform ed u s in g  b o th  th e  p re s e n t  method and th e  VSL3D method [34 ] . The
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t r a n s i t i o n  was i n i t i a l i z e d  a t  an a x ia l  lo c a t io n  o f  23.8  f t .  Even though 
th e  tu rb u le n t  flow  r e s u l t s  from th e  two m ethods u s in g  th e  C ebeci-Sm ith  
model a re  d i f f e r e n t ,  th e  VSL3D r e s u l t s  compare w ith  th e  m odified  
Baldwin-Lomax model very  w ell from th e  end o f  t r a n s i t i o n .
3 .7  C onclusions
N um erical s o lu t io n s  o f  v is c o u s  sh o c k - la y e r  e q u a tio n s  a r e  p re se n te d  
fo r  h y p erso n ic  lam in a r and tu rb u le n t  flow s over long  s le n d e r  b o d ie s . 
These r e s u l t s  a r e  o b ta in e d  from a method which employs a s p a t i a l -  
m arching im p l i c i t  f i n i t e - d i f f e r e n c e  te c h n iq u e . T h is  te c h n iq u e  i s  f a s t  
and uses p a r t i a l  c o u p lin g  among th e  govern ing  e q u a tio n s  based on th e  
h y p erso n ic  sm all d is tu rb a n c e  th e o ry . The p a r t i a l  co u p lin g  y ie ld s  a 
sim ple and co m p u ta tio n a lly  e f f i c i e n t  te c h n iq u e .
D e ta ile d  com parisons have been made w ith  o th e r  p r e d ic t io n s  and 
ex p e rim en ta l d a ta  fo r  s le n d e r  body flow s to  a s s e s s  th e  accu racy  o f  th e  
p re s e n t  num erica l te c h n iq u e . R e su lts  from th e  p re s e n t  method show th a t  
th e  co u p lin g  betw een th e  norm al momentum and c o n t in u i ty  e q u a tio n s  i s  
e s s e n t i a l  and ad eq u ate  to  o b ta in  s t a b l e  and f a i r l y  a c c u ra te  s o lu t io n s  
p a s t  long  s le n d e r  b o d ie s .
The two w idely  used  a lg e b ra ic  tu rb u le n c e  m odels, nam ely, th e  
C ebeci-Sm ith  and Baldwin-Lomax models have been an a ly zed  w ith  th e  
p re se n t n u m erica l te ch n iq u e  fo r  a p o l ic a t io n  to  long s le n d e r  b o d ie s .
Both o f  th e se  m odels appear adeq u ate  fo r  such f lo w s . Due to  th e  
s e n s i t i v i t y  o f  th e  C ebeci-Sm ith  tu rb u le n c e  model to  th e  boundary la y e r  
edge lo c a t io n ,  however, i t  i s  im p e ra tiv e  th a t  th e  n u m erica l method 
shou ld  p ro v id e  good r e s o lu t io n  and a c c u ra te  s o lu t io n s  near th e  boundary 
la y e r  edge . T h is  can be a problem  fo r  long  s le n d e r  b o d ie s ,  e s p e c ia l ly ,
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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i f  th e  nu m erica l method (such as PNS) employs a r t i f i c i a l  v i s c o s i ty  to  
damp o s c i l l a t i o n s .  For t h i s  re a s o n , th e  Baldwin-Lomax tu rb u le n c e  model, 
which av o id s  th e  u se  o f  th e  co n v e n tio n a l boundary la y e r  th ic k n e s s  in  i t s  
fo rm u la tio n , ap p ea rs  more co n v en ien t to  im plem ent.
A c o r r e c t io n  fo r  th e  p r e s s u r e -g r a d ie n t  e f f e c t  has been made to  th e
Baldwin-Lomax m odel. C onstan t C in  th e  o u te r - la y e r  fo rm u la tio n  hascp
been m o d ified  t o  3 -0  fo r  th e  Mach 8 c a se . Based upon t h i s  s tu d y  and 
o th e r  i n v e s t i g a t io n s ,  a l i n e a r  dependence o f  t h i s  c o n s ta n t  on th e  flow  
Mach number i s  s u g g e s te d . F u r th e r  com parisons w ith  th e  ex p e rim e n ta l 
d a ta  a r e  needed to  v e r i f y  t h i s  dependence. An a d d i t io n a l  c o n s id e r a t io n  
in  th e  im p lem en ta tio n  o f  th e  Baldwin-Lomax model co n cern s  th e  ap p earan ce  
o f  two peaks a s s o c ia te d  w ith  th e  two maxima in  th e  v o r t i c i t y  fu n c tio n s  
used t o  form th e  o u te r - la y e r  le n g th  s c a le .  The second  peak i s  avo ided  
by choosing  th e  f i r s t  one in  th e  re g io n  where th e  g r a d ie n t  o f  t o t a l  
en th a lp y  i s  l e s s  th a n  o r eq u a l to  0 .5 ,  i . e . ,  3(H./H ) / 3 ti  £ 0 .5 .W W I®
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C hapter 4
LOW REYNOLDS NUMBER PERFECT GAS FLOW
4.1 In tro d u c tio n
Most f u tu r e  h y p e rso n ic  v e h ic le s  w i l l  be o p e ra tin g  in  th e  upper
atm osphere, where "low  d e n s i ty  e f f e c t s "  w i l l  p lay  a m ajor r o l e  in
e s ta b l i s h in g  th e  l i f t ,  d ra g , moments, and aerodynam ic h e a tin g  on a 
h y p erso n ic  v e h ic le .  An a c c u ra te  knowledge o f  h y p e rso n ic  
aerotherm odynam ics under low d e n s i ty  c o n d itio n s  i s  r e q u ir e d  fo r  an 
a c c u ra te  p re d ic t io n  o f  th e  ae ro th e rm a l environm ent f o r  th e  new 
g e n e ra tio n  o f  h y p erso n ic  v e h ic le s .
The degree  o f  r a r e f a c t io n  o f  a low d e n s ity  flow  i s  u s u a l ly  
ex p ressed  th rough  th e  Knudsen number which i s  th e  r a t i o  o f  th e  m o lecu lar
mean f r e e  p a th  in  th e  gas to  a c h a r a c t e r i s t i c  dim ension o f  th e
f lo w f ie ld .  The co n v e n tio n a l continuum  flow  assum ption  i s  v a l id  when 
th i s  param eter i s  very  sm all in  com parison to  u n i ty .  The o p p o s ite  l im i t  
o f  v ery  la rg e  Knudsen number co rre sp o n d s  to  a f r e e  m olecu le  flow  in  
which in te rm o le c u la r  c o l l i s i o n s  may be n e g le c te d . The re g io n  betw een 
th e se  l im i t s  i s  g e n e ra l ly  r e f e r r e d  to  as  th e  t r a n s i t i o n  flow  regim e 
[5 2 ] .
At h ig h ly  r a r e f i e d  gas flow  c o n d it io n s ,  th e  c o n v e n tio n a l approach  
by continuum  a n a ly s is  i s  no lo n g er v a l id .  A more a p p r o p r ia te  approach  
i s  by k in e t ic  th eo ry  o f  g ase s  which can c o r r e c t ly  d e s c r ib e  m ic ro sco p ic  
p ro p e r t ie s  o f  m o lecu les , such a s  th e  Boltzmann e q u a tio n  [3 0 ] .  A lthough
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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th e re  i s  on ly  one dependent v a r ia b le ,  th e  d i s t r i b u t io n  fu n c tio n  fo r  th e  
m o lecu lar s t a t e s  in  th e  Boltzmann eq u a tio n , th e  number o f independen t 
v a r ia b le s  make t h i s  approach ex trem ely  d i f f i c u l t  to  o b ta in  a n a ly t i c a l  or 
num erical s o lu t io n s .  An a l t e r n a t iv e  i s  to  model th e  gas flow  a t  th e  
m o lecu lar l e v e l .  The D ire c t  S im u la tio n  Monte C arlo  (DSMC) method [53] 
has been found t o  be most r e a d i ly  a p p lic a b le  to  complex e n g in e e r in g  
problem s. However, t h i s  method s t i l l  r e q u ir e s  la rg e  co m p u ta tio n a l tim es 
and computer s to ra g e .
At th e  s l i g h t l y  r a r e f i e d  gas c o n d itio n s , s i g n i f i c a n t  l e v e l s  o f  
m o lecu lar c o l l i s io n s  a re  s t i l l  p re s e n t  in  th e  f lo w f ie ld  which make th e  
continuum  approaches a p p lic a b le  ex cep t in  a re g io n  n ex t to  th e  w a ll .  I t  
i s  b ecause  th e  g ra d ie n ts  o f  th e  m acroscopic v a r ia b le s  become so  s te e p  
th a t  th e  mean f r e e  p a th  becomes la rg e  compared to  th e  lo c a l  
c h a r a c te r i s t i c  l e n g th .  T h is  re g io n  i s  c a l le d  th e  Knudsen la y e r  in  which 
th e  d e te rm in a tio n  o f  th e  flow  p r o p e r t ie s  re q u ir e s  th e  d i r e c t  s o lu t io n  o f  
th e  Boltzmann e q u a tio n  matched to  th e  s o lu t io n s  fo r  th e  o u te r  flo w  and 
th e  w all boundary c o n d it io n s . T h is  i s  most co n v e n ie n tly  done th ro u g h  
th e  u se  o f  a s l i p  model in  which s l i p  and jump p ro p e r t ie s  a re  u sed  fo r  
th e  boundary c o n d itio n s  fo r  th e  co n v en tio n a l continuum  flow e q u a tio n s . 
These s l i p  and jump boundary c o n d itio n s  fo r  th e  gas and s o l id  i n t e r f a c e  
a re  o b ta in ed  from th e  b a lan ce  eq u a tio n s  fo r  m ass, momentum and energy 
f lu x e s  a t  th e  Knudsen la y e r  edge [30—31> 5 ^ -5 5 ].
Not much a t t e n t io n  seems t o  have been g iven  to  th e  problem s 
encoun te red  w ith  lo w -d e n s ity  aerotherm odynam ics. D avis [1 2 ] in c lu d e d  
body and s h o c k - s l ip  in  th e  v isc o u s  sh o c k - la y e r  a n a ly s is  o f  a p e r f e c t - g a s  
flow  around a h y p e rb o lo id . D avis [56] m odified  th e se  s l i p  r e l a t i o n s  f o r  
a b in a ry  m ix tu re . T ree  e t  a l .  [57] analyzed  th e  h y p erso n ic  io n iz in g
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
v isc o u s  sh o c k - la y e r  flow  p a s t  a x ia l ly  sym m etric b o d ies  a t  low d e n s i t i e s .  
T iw ari and Szema [5 8 ,5 9 ] in v e s t ig a te d  th e  e f f e c t s  o f  body and shock s l i p  
c o n d itio n s  on th e  aerotherm odynam ic environm ent o f  a Jo v ian  e n try  body. 
Swaminathan e t  a l .  [60] and Song e t  a l .  [61] r e c e n t ly  in c lu d ed  th e  body- 
and s h o c k - s l ip  e f f e c t s  f o r  th re e -d im e n s io n a l f lo w s. However, t h e i r  
su r fa c e  s l i p  c o n d itio n  f o r  s in g le  s p e c ie s  o r m ulticom ponent m ix tu re s  
co n ta in ed  some e r r o r s  a s  ex p la in e d  in  R ef. 31. The s h o c k - s l ip  boundary 
c o n d itio n s  d id  n o t a c co u n t f o r  th e  d e r iv a t iv e s  o f th e  shock q u a n t i t i e s  
in  th e  sh o c k -o r ie n te d  c o o rd in a te  system . T h is  in tro d u c e d  s i g n i f i c a n t  
e r r o r s  in  a n a ly z in g  flo w s p a s t  s le n d e r  b o d ie s  a s  compared to  th e  w ide- 
an g le  b o d ies  [6 2 ] .
Gupta e t  a l .  [ 31 ] re a n a ly s e d  th e  w a ll boundary c o n d it io n s  by u s in g  
th e  approach o f  S c o t t  [ 63] and p ro v id ed  a p p ro p r ia te  r e l a t i o n s  fo r  th e  
v a r io u s  q u a n t i t i e s  w ith  s u r fa c e  s l i p  in  a  form which can r e a d i ly  'oe 
employed fo r  m ulticom ponent and b in a ry  m ix tu res  a s  w e ll  as  a s in g l e ­
s p e c ie s  g a s . T hese s u r fa c e  s l i p  e x p re s s io n s  have been im plem ented 
s u c c e s s fu l ly  in  f u l l  N a v ie r-S to k es  eq u a tio n s  [2 6 ,6 2 ]
Under th e  low R eynolds number (o r low d e n s ity )  flow  c o n d i t io n s ,  
th e  v isco u s  e f f e c t s  in f lu e n c e  a lm ost th e  e n t i r e  shock la y e r  and th e  
shock i t s e l f  i s  c o n s id e ra b ly  th ic k  a s  compared to  th e  h ig h  R eynolds 
number (o r  h ig h  d e n s ity )  c a se . The com plete N av ie r-S to k es  e q u a tio n s  a re  
co n s id e red  a p p ro p r ia te  fo r  th e  low Reynolds number a p p l i c a t io n s .  But 
computer s to ra g e  and co m p u ta tio n a l tim e make them a re  very  ex p en siv e  to  
so lv e  fo r  flow s around long  b o d ie s . The v isc o u s  sh o c k - la y e r  e q u a tio n s  
have been shown to  g iv e  good r e s u l t s  fo r  h y p e rso n ic  flow s on b lu n t  
s le n d e r  long  b o d ies  a t  h igh  R eynolds number. Thus, i t  i s  d e s i r a b le  to  
employ th e  v isc o u s  s h o c k - la y e r  e q u a tio n s  in s te a d  o f  N a v ie r-S to k es
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eq u a tio n s  a t  low Reynolds number c a s e s  to  reduce th e  co m p u ta tio n a l 
req u irem en t.
In  t h i s  c h a p te r ,  th e  s u r f a c e - s l ip  r e l a t io n s  developed by Gupta e t  
a l .  [31] and th e  c o r re c te d  form o f th e  s h o c k -s l ip  boundary c o n d it io n s  
[12] a re  im plem ented in  th e  v is c o u s  sh o c k - la y e r  code fo r  a p e r f e c t  gas 
a s  d e sc rib ed  in  Chap. 2 . t o  o b ta in  r e s u l t s  fo r  th e  lo w -d e n s ity  f l i g h t  
c o n d itio n s  f o r  long  s le n d e r  b o d ie s . A d e t a i l e d  com parison w ith  
ex p e rim en ta l d a ta  and o th e r  num erica l r e s u l t s  g iv e s  an e s t im a te  o f  
accuracy  o f  th e  p re s e n t p r e d ic t io n s .  F u rth erm o re , th e  range o f  
a p p l i c a b i l i t y  o f  th e  v is c o u s  sh o c k - la y e r  s o lu t io n s  i s  a s c e r ta in e d  by 
comparing th e s e  r e s u l t s  w ith  th o se  o b ta in e d  from th e  s t e a d y - s ta t e  
N av ie r-S to k es  e q u a tio n s .
4 .2  Flow Governing E q u atio n s 
The c o n s e rv a tio n  e q u a tio n s  employed in  t h i s  c h a p te r  a re  th e  s te a d y  
p e r f e c t  gas v is c o u s  sh o c k - la y e r  eq u a tio n s  fo r  an ax isym m etric  o r tw o- 
d im ensional body a t  z e ro  an g le  o f  a t ta c k  [1 2 ] . These e q u a tio n s  a re  
w r i t te n  in  th e  same form s a s  Eqs. (2 .2 5 ) th rough  (2 .3 7 )  ex cep t t h a t  th e
eddy v i s c o s i ty ,  e +, i s  s e t  to  z e ro . A lso , th e  s t r e t c h in g  fu n c tio n  g("n), 
Eq. (2 .2 1 ) ,  i s  g iv en  b y
\ . r . (1 ~ct) . r 6~n( 2a+1 )+1 , -[ /i.
g(n [ c n fB+1i F + n U a + D -i5-1 ( ^
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The f i r s t  and second d e r iv a t iv e s  o f  Eq. (4 .1 )  a re  ex p ressed  as
d | _  (1 -g )(2a+ 1  )j ^  T____________- m l  1 (H 2 )
dri JLn(F f 1 ) [I~n(2a+1 ) + 1] [6+“ (2cx+1 )-1 ]
8” 1
d2g m (1 - a ) (2 a + 1 )2 . 1__________________ 1
* TTj.1 I _  O _ _ _
dn2 [ B“ h(2a+1 )+1 ] 2 [B + n(2a+ 1)-1 ]2
(H .3)
E q u a tio n  C^.1 )  p e rm its  th e  mesh to  be r e f in e d  e i t h e r  n ea r th e  body 
only  (a  -  0) or r e f in e d  e q u a lly  near b o th  th e  body and bow shock (a  -  
1 /2 ) when th e  shock becomes th ic k  under th e  low d e n s i ty  f l i g h t  
c o n d i t io n s .  The p aram ete r g c o n tro ls  th e  amount o f  re fin em en t w ith  
v a lu e s  n ea r 1 g iv in g  th e  l a r g e s t  amount o f  s t r e t c h i n g .  The p h y s ic a l  
c o o rd in a te  n can be o b ta in e d  from in v e r t in g  Eq. (4 .1 )  and i s  ex p re ssed  
as
1~n~a 
< ^ )  1"“  -  1
Cl — B { - — - 7 - - ^  }] (H .4)(25+1) 1~n~a
( S a > ♦ ivg-r
T h is  t ra n s fo rm a tio n  keeps th e  body a t  n « 0 and th e  shock a t  n « 1 w ith  
uniform  mesh in  th e  co m p u ta tio n a l c o o rd in a te  n.
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4 .3  Shock- and S u rfa c e -S lip  Boundary C o n d itio n s
At h ig h  a l t i t u d e s ,  th e  continuum flow  assum ption  b reak s  down in  
th e  re g io n  n ex t to  th e  w alZ. The n o - s l ip  and n o -tem p e ra tu re  jump 
boundary c o n d it io n s  a re  no lo n g e r v a l id .  As such , th e  s l i p  and 
tem p e ra tu re  jump boundary c o n d itio n s  shou ld  be u sed . The r e l a t i o n s  fo r  
th e  body and shock s l i p  c o n d itio n s  a re  p rov id ed  in  t h i s  s e c t io n .
4 .3 .1  S u rfa ce  S l ip  C o n d itio n s
The s u r fa c e  s l i p  c o n d itio n s  fo r  a s in g le - s p e c ie s  gas as g iven  in  
Gupta e t  a l .  [ 31 ] a re  used  as th e  boundary c o n d itio n s  on th e  body 
s u r fa c e .  S in c e  no mass in je c t io n  i s  co n s id e red  in  t h i s  c h a p te r ,  th e  
normal component o f  v e lo c i ty  a t  th e  s u r fa c e  i s  ta k e n  to  be z e r o .  The 
nond im ensional form s o f  s u r fa c e  s l i p  c o n d itio n s  in  th e  co m p u ta tio n a l 
p la n e , E qs. (2 .5 9 ) th ro u g h  (2 .6 1 ) ,  a re  g iven  h e re  ag a in  as 
V e lo c ity  s l i p :
In  th e  d e r iv a t io n  o f  th e  r e l a t i o n  fo r  th e  te m p e ra tu re  s l i p ,  i t  i s  
assumed th a t  th e  i n t e r n a l  energy i s  fro zen  d u ring  th e  r e f l e c t i o n  from
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P re ssu re  s l i p :
T em perature s l i p :
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the  w a ll. The param eter 6 i s  th e  accommodation c o e f f i c i e n t  which i s  
taken  to  be 1 in  t h i s  s tu d y .
4.3*2 Shock S l ip  C o n d itio n s
The boundary c o n d itio n s  a t  th e  shock a r e  th e  m o d ified  R ankine- 
Hugoniot r e l a t io n s  developed by Cheng [3 2 ] . These r e l a t i o n s  a re  
o b ta in ed  by in te g r a t in g  th e  o n e-d im ensiona l N av ie r-S to k es  e q u a tio n  
ac ro ss  th e  shock. S in c e  v e lo c i ty  components tan g en t and norm al to  th e  
shock a re  n o t th e  same as  th o s e  tan g en t and norm al to  th e  body s u r fa c e ,  
t ra n s fo rm a tio n s  a re  needed to  r e l a t e  th e s e  q u a n t i t e s .  The 
t ra n s fo rm a tio n s  a re  g iven  by
where ush and ? sh a re  th e  components o f  v e lo c i ty  ta n g e n t and norm al to
th e  shock in t e r f a c e ,  r e s p e c t iv e ly .  The nondim ensional form s o f  th e  
shock s l i p  c o n d itio n s  in  th e  co m p u ta tio n a l p la n e , Eqs. (2 .7 5 ) th rough  
(2 .7 8 ) ,  a re  g iven  h e re  ag a in  by 
C o n tin u ity :
"sh  ■ - 31" “ ( , ' 1°
Tangential-mom entum :
u . -  u . c o s ( a -e )  + v . s in ( o - e )  sh sh sh (4 .8 )
’ sh “ "  ush s i n ^ - 0 ) + vsh co s (a -9 ) (4 .9 )
+ s in ( a - 6 ) } sh  + 0sh s in a  ■fc.sina cosa ( 4 .1 0
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N ormal-moment um:




2 k 2 J 
(Y+1) M s in  a
09
E qu atio n  o f  s t a t e :
“ sh ■
The e r r o r s  in  th e  e x p re s s io n s  used by D avis [12 ] have been 
c o r re c te d  in  t h i s  s tu d y  and t h i s  i s  d is c u sse d  a ls o  by Lee e t  a l .  [6 2 ] .
The method o f  s o lu t io n  i s  s im ila r  to  th a t  im plemented in  Chap. 3 . 
The two seco n d -o rd er e q u a tio n s , s-momentum and en e rg y , a r e  r e p la c e d  w ith  
c e n t r a l  d i f f e re n c e s  in  th e  p - d i r e c t io n  and tw o -p o in t backward 
d i f f e re n c e s  in  th e  ^ - d i r e c t io n .  The two f i r s t - o r d e r  e q u a tio n s , 
c o n t in u i ty  and normal-momentum, a re  so lv ed  s im u ltan e o u s ly  in  a coupled  
way. The s o lu t io n  i s  s t a r t e d  a t  th e  s ta g n a t io n  p o in t .  The v e lo c i ty  
s l i p  and te m p e ra tu re  jump on th e  s u r fa c e  and a t  th e  shock a re  i t e r a t e d  
a long  w ith  th e  co rresp o n d in g  govern ing  e q u a tio n s . The s o lu t io n  i s  
i t e r a t e d  a t  lo c a t io n  m u n t i l  th e  convergence i s  a c h ie v e d . The s o lu t io n
4 .4  Method o f  S o lu tio n
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i s  then  advanced to  th e  m+1 s t a t i o n .  F ig u re  4 .1  p re s e n ts  th e  flow  c h a r t  
f o r  o b ta in in g  s o lu t io n s  w ith  b o d y -s lip  o n ly , s h o c k - s l ip  o n ly , and w ith  
body and s h o c k - s l ip .
S o lu t io n s  to  th e  s t e a d y - s ta t e  N a v ie r-S to k es  e q u a tio n s , which a re  
g iven  in  Appendix B, have been o b ta in ed  by f i r s t  ex p re ss in g  them in  th e  
b o d y -o r ie n te d  c o o rd in a te  system . T h is  p ro ced u re  i s  th e  same a s  th e  one 
employed w ith  th e  v is c o u s  sh o c k - la y e r  e q u a tio n s . A fte r  o b ta in in g  a 
s o lu t io n  o f  th e  v is c o u s  sh o c k - la y e r  e q u a tio n , th e  h ig h e r -o rd e r  te rm s a re  
ev a lu a te d  u s in g  th e s e  f lo w f ie ld  r e s u l t s .  T hese term s a re  h e ld  c o n s ta n t 
d u rin g  th e  s o lu t io n  f o r  th e  f i r s t  ap p ro x im atio n  to  th e  N a v ie r-S to k es  
e q u a tio n s . The s o lu t io n  w ith  t h i s  ap p ro x im atio n  i s  o b ta in e d  a t  th e  end 
o f  th e  f i r s t  g lo b a l  p a s s .  At th e  b eg in n in g  o f  th e  second g lo b a l  p a s s ,  
th e  h ig h e r -o rd e r  te rm s  a re  r e e v a lu a te d  from th e  f i r s t  g lo b a l-p a s s  
s o lu t io n s .  These te rm s  a re  h e ld  c o n s ta n t ag a in  d u rin g  th e  s o lu t io n  fo r  
th e  second ap p ro x im a tio n  o b ta in e d  a t  th e  end o f  th e  second g lo b a l p a s s .  
T h is  p ro ced u re  i s  r e p e a te d  u n t i l  th e  f lo w f ie ld  r e s u l t s  c o rre sp o n d in g  to  
su c c e s s iv e  g lo b a l  p a s s e s  converge w ith in  a s p e c i f ie d  l i m i t  [2 3 ] .
4 .5  R e s u lts  and D iscu ss io n s
N um erical s o lu t io n s  o f  th e  v isc o u s  sh o c k - la y e r  (VSL) e q u a tio n s  fo r  
th e  lo w -d e n s ity  h y p e rso n ic  flow over long  s le n d e r  b o d ies  a r e  o b ta in e d . 
The s u r fa c e  s l i p  [3 1 ] and th e  r e c e n t ly  c o r re c te d  s h o c k - s l ip  boundary 
c o n d itio n s  [6 2 ] a re  im plem ented in  th e  im p l i c i t  f i n i t e - d i f f e r e n c e  method 
used to  s o lv e  th e  g o v ern in g  e q u a tio n s . D e ta ile d  com parisons w ith  th e  
e x p e rim en ta l d a ta  a r e  in c lu d ed  fo r  s e v e ra l  c o n d i t io n s .  E x ten s iv e  
r e s u l t s  a r e  p ro v id ed  fo r  long  s le n d e r  b o d ie s  w ith  tem p e ra tu re  s u r f a c e  
c o n d itio n s  ran g in g  from  a d ia b a t ic  to  h ig h ly  co o led . A lso in c lu d e d  a r e
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c a lc u la t io n s  from th e  s t e a d y - s ta te  N av ie r-S to k es  e q u a tio n s . These
r e s u l t s  p rov ide  an in d ic a t io n  o f  th e  range o f  a p p l i c a b i l i t y  o f  th e
v isc o u s  sh o c k - la y e r  s o lu t io n s .
4 .5 .1  Comparison w ith  E xperim ental Data
There a re  on ly  a few ex p e rim en ta l d a ta  fo r  th e  lo w -d e n s ity , h ig h -
energy flow s a v a i la b le  in  th e  l i t e r a t u r e .  The d a ta  o f  L i t t l e  [46] a re
s t i l l  co n s id ered  q u i te  good fo r  such flow s. T hese d a ta ,  however, a re
l im ite d  to  th e  m easurem ents o f  p re s s u re ,  d rag , and s k in  f r i c t i o n .  T hese
d a ta  were used e x te n s iv e ly  fo r  com parison w ith  th e  t h e o r e t i c a l
p r e d ic t io n s  by Davis [1 2 ] .  The same d a ta  have been employed fo r
com parison w ith  th e  p re se n t r e s u l t s  a ls o .  F ig u re s  4 .2  to  4 .6  g iv e
com parisons between th e  v isco u s  sh o c k - la y e r  p r e d ic t io n s  and th e
0
ex p e rim en ta l d a ta  [46] f o r  a 10 h y p erb o lo id . W ith shock and body
s l i p ,  s u r fa c e  p re s s u re  p re d ic t io n s  by th e  p re se n t m ethod ag re e  q u i te
w e ll w ith  th e  ex p e rim en ta l d a ta  a s  shown in  F ig . 4 .2 . Comparisons o f
0
drag  c o e f f i c i e n t s  on a 10 hyperbo lo id  fo r  a range o f  v a lu e s  o f  th e
r a r e f a c t io n  p aram eter t  a re  shown in  F ig s . 4 .3  to  4 .6 .  P re d ic t io n s  o f
Davis [12 ] a re  a ls o  g iven in  th e se  f ig u re s .  I t  i s  c le a r  t h a t  th e
p re s e n t  p r e d ic t io n s  w ith  th e  shock and body s l i p s  a r e  in  much b e t t e r
agreem ent w ith  th e  ex p e rim en ta l d a ta  than th e  p r e d ic t io n s  o f  D avis.
Large d if f e re n c e s  in  th e  p re se n t c a lc u la t io n s  and th o se  o f D avis a re
seen  w ith  in c re a s in g  v a lu e s  o f  e . These d if f e r e n c e s  may be due to  th e
e r r o r s  in  th e  s l i p  c o n d itio n s  a s  m entioned in  Sec. 4 .1 .
Comparison between th e  p re d ic te d  S ta n to n  number d i s t r i b u t i o n  and
0
ex p erim en ta l d a ta  [64] f o r  a 10 sp h ere -co n e  i s  p ro v id ed  in  F ig . 4 .7 .
The p re se n t c a lc u la t io n s  w ith  shock and body s l i p  a r e  in  good agreem ent
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F l o .  4 . 7  S t a n t o n  n u m b e r  d i s t r i b u t i o n  f o r  a  1 0 °  s p h e r e - c o n e  
wl th  e  -  0 . 194 . 101
1 0 2
w ith  th e  d a ta  e x c ep t f o r  th e  s ta g n a t io n  p o in t .  The ex p e rim en ta l h e a t
t r a n s f e r  r a t e  a t  th e  s ta g n a t io n  p o in t  were determ ined  to  be b ia se d
upward due to  p a r t i c l e  im pact caused by th e  a r c  h e a te r  [6 5 ] .
i | .5 .2  Com parison w ith  P re d ic te d  R e s u lts
0
R e s u lts  o b ta in e d  fo r  a 2 2 .5  h y p erb o lo id  in  th e  s ta g n a t io n  re g io n  
by th e  p r e s e n t  v is c o u s  sh o c k - la y e r  eq u a tio n s  and th e  s t e a d y - s ta t e  
N a v ie r-S to k es  e q u a tio n s  a re  compared w ith  th o se  o b ta in ed  by Anderson and
Moss [2 3 ] in  T ab le  4 .1 .  The r e s u l t s  from th e s e  c a lc u la t io n s  compare
f a i r l y  w e ll ,  e s p e c ia l ly  fo r  C^. A maximum d if f e r e n c e  o f  l e s s  th a n  te n
p e rc e n t o cc u rs  betw een th e  two r e s u l t s  a t  Re>a> o f  90 in  th e  h e a t
t r a n s f e r  c o e f f i c i e n t ,  CH* T h is  may be due to  th e  g r id  c lu s t e r in g
employed n ea r th e  shock and body in  th e  p re s e n t c a lc u la t io n s .
F ig u re s  4 .8 .  and 4 .9  show com parisons fo r  th e  S ta n to n  number and 
s k in  f r i c t i o n  c o e f f i c i e n t ,  r e s p e c t iv e ly  a s  o b ta in e d  by th e  p re s e n t  
v isco u s  s h o c k - la y e r  method and t h a t  o b ta in e d  by D avis [ 1 2 ] .  A lso shown 
a re  th e  p re s e n t  r e s u l t s  o b ta in e d  from th e  s t e a d y - s ta t e  N av ie r-S to k es  
e q u a tio n s . The c a lc u la t io n s  a re  c a r r ie d  o u t f o r  th e  s ta g n a t io n  p o in t  
on ly  fo r  d i f f e r e n t  v a lu e s  o f  th e  R eynolds number p a ram e te r, t ,  which i s  
a m easure o f  th e  d eg ree  o f  r a r e f a c t io n .  L a rg e r v a lu es  o f  e imply
in c re a se d  r a r e f a c t i o n  e f f e c t s .  The two v isc o u s  sh o c k - la y e r  p r e d ic t io n s
have s im i la r  t r e n d s .  However, s i g n i f i c a n t  d i f f e r e n c e s  a r e  n o tic e d  fo r  
la r g e  v a lu e s  o f  e . The d is c re p a n c ie s  may be due to  th e  e r r o r s  c o n ta in e d  
in  th e  s l i p  e q u a tio n s  used  by D avis [12] and th e  c u r re n t  g r id  c lu s te r in g  
n ea r th e  shock and body. F ig u re s  4 .8  and 4 .9  a ls o  show t h a t  th e  v is c o u s  
sh o c k - la y e r  p r e d ic t io n s  d e v ia te  from th e  N a v ie r-S to k es  r e s u l t s  fo r  la rg e  
v a lu e s  o f  t .  For e *» 1, th e  p re s e n t  v is c o u s  shock la y e r  p re d ic t io n s
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give a S tan to n  number o f  0 .6 8 , w hereas th e  N a v ie r-S to k es  r e s u l t s  y ie ld  a 
value  o f  ab o u t 0 .9 .  I t  i s  c le a r  th a t  th e  N a v ie r-S to k es  p r e d ic t io n s  have 
th e  r i g h t  t r e n d  in  approach ing  a v a lu e  o f  1 fo r  th e  f re e -m o le c u le  flow 
l i m i t .  These r e s u l t s  su g g es t th a t  th e  v isc o u s  sh o c k - la y e r  ap p ro x im a tio n  
may n o t be v a l id  fo r  la rg e  v a lu e s  o f  e.
F ig u re s  4 .10  and M.11 show com parisons o f  p r e d ic te d  s k i n - f r i c t i o n  
c o e f f i c i e n t  and S tan to n  number d i s t r i b u t io n s ,  r e s p e c t iv e ly ,  a s  o b ta in ed  
by th e  p re s e n t  v isc o u s  sh o c k - la y e r  method and th a t  by Gordon [1 6 ] .  The 
com parison between th e se  two r e s u l t s  i s  q u i te  good when th e  c o a rs e  g r id  
s t r u c tu r e  o f  Gordon [16] i s  u sed . The method o f  Gordon i s  f u l l y  coup led  
and r e q u ir e s  so lv in g  a 5 x 5 m atrix  a t  every  p o in t  in  th e  f lo w f ie ld  fo r  
a p e r f e c t  g a s . The com plexity  and s t a b i l i t y  problem s in  a f u l l y  coup led  
s o lu t io n  w i l l  be in c re a se d  in  an a ly z in g  a m u lt i - s p e c ie s  h ig h - te m p e ra tu re  
a i r  flo w . A lso , th e  co m p u ta tio n a l tim es w i l l  be c o n s id e ra b ly  la r g e  fo r  
long s le n d e r  b o d ie s  by t h i s  method. The p re s e n t app roach , w ith  co u p lin g  
between th e  norm al momentum and c o n tin u ity  eq u a tio n s  o n ly , may be more 
ap p ea lin g  fo r  such flow c o n d itio n s . F ig u re s  4 .1 0  and 4.11 a l s o  g iv e  
r e s u l t s  w ith  and w ith o u t s l i p  fo r  a v a r ia b le  g r id  n e a r  th e  shock and 
body s u r fa c e .  I t  i s  c l e a r ly  seen  th a t  th e  co m p u ta tio n a l g r i d - s i z e  as
w e ll a s  th e  s l i p  e f f e c t s  a re  im p o rtan t in  t h i s  c a se .
4 .5 .3  C a lc u la t io n s  fo r  D if f e re n t  A lt i tu d e s  and S u rface  T em peratu res and 
Range o f  V a lid i ty  o f  V iscous Shock-Layer R e su lts  
An e x te n s iv e  t e s t  f o r  th e  p re s e n t co m p u ta tio n al method and th e  
s u rfa c e  and s h o c k -s l ip  boundary c o n d itio n s  i s  p ro v id ed  th ro u g h  th e  
r e s u l t s  g iven  in  F ig s . 4 .1 2  and 4 .1 3 . The flow an a ly zed  in  th e s e
f ig u re s  i s  a h igh  Mach number (M  ̂ -  20) flow  over h ig h ly  co o led  (Tw «
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300 K ), 2.5-4 cm nose r a d iu s ,  f iv e  and te n  degree sp h e re  cones. The
f r e e - s t r e a m  c o n d itio n s  fo r  very h ig h -to -lo w  a l t i t u d e  f l i g h t  c a se s  a re
g iven  in  T able i t .2 . F ig u re  4 .1 2  g iv es  th e  S tan to n  number d i s t r i b u t i o n  
0
fo r  a 5 sp h e re -co n e  o b ta in e d  by u s in g  th e  v isco u s  s h o c k - la y e r  eq u a tio n s
fo r  d i f f e r e n t  body lo c a t io n s .  The s l i p  e f f e c t s  become i n s i g n i f i c a n t  a t
body lo c a t io n s  g r e a te r  th an  abou t n in e ty  n o s e - ra d i i  or a t  a l t i t u d e s  l e s s
th an  ab o u t 60 km fo r  a w a ll tem p e ra tu re  o f  300 K. The S ta n to n  number
0
v a lu es  w ith  and w ith o u t s l i p  fo r  a 10 sp h ere -co n e  a s  shown in  F ig . *1.13
0
a re  h ig h e r  th an  th o se  fo r  a 5 sp h ere -co n e  a t  th e  c o rre sp o n d in g  body
lo c a t io n s  f o r  a g iven  a l t i t u d e  ex cep t f o r  th e  s ta g n a t io n  p o in t  ( s  « 0 ) .
At t h i s  lo c a t io n ,  th e  S ta n to n  number v a lu es  a re  a lm o st th e  same fo r  th e  
0 0
5 and 10 sp h e re -c o n e s . F ig u re s  4 .1 2  and 4 .1 3  a ls o  i n d i c a t e  t h a t  f o r  a
given a l t i t u d e  and body lo c a t io n ,  th e  s l i p  e f f e c t s  a r e  h ig h e r  on th e
0 0 
c o n ic a l  f la n k  p o r t io n  fo r  a 5 sp h ere -co n e  th an  fo r  a 10 sp h e re -c o n e .
F u r th e r ,  th e  e f f e c t  o f  s l i p  in c re a s e s  w ith  in c re a s in g  a l t i t u d e  fo r  a
g iven  cone an g le  and body lo c a t io n .
F ig u re s  4 .1 4  to  4 .2 0  show th e  e f f e c t  o f s u r fa c e  te m p e ra tu re  on
s ta g n a t io n -p o in t  p re s s u re  and h e a t - t r a n s f e r  c o e f f i c i e n t s .  Both th e
v isco u s  sh o c k - la y e r  and N av ie r-S to k es  s o lu t io n s  a re  p ro v id ed  in  th e s e
f ig u r e s .  The r e s u l t s  p re s e n te d  in  F ig s . 4 .14 to  4 .1 7  show t h a t  th e
v isco u s  sh o c k - la y e r  v a lu e s  o f  w ith  no s l i p  g ra d u a lly  in c re a s e  from a
v alu e  o f  1 .84  a t  ab o u t 3 0 .5  km a l t i t u d e  to  a v a lu e  o f  1 .88  a t  100 km
a l t i t u d e .  The v a lu e  o f  C s t a y s  c o n s ta n t a t  1 .84  fo r  an a d ia b a t ic  w a ll .
P
The v isc o u s  shock la y e r  p re d ic t io n s  fo r  w ith  s l i p  c o n tin u o u s ly  
d ec rease  w ith  in c re a s in g  a l t i t u d e  fo r  a cooled  s u r f a c e .  T h is  t r e n d  i s
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s im ila r  to  th e  one g iven  by the  r e s u l t s  o f  Davis [1 2 ] .  T h is  t r e n d ,
however, in d ic a te s  t h a t  v isc o u s  sh o ck - la y e r r e s u l t s  w ith  s l i p  do not
approach th e  f r e e  m olecule flow v alu e  a t  h ig h e r a l t i t u d e s .  The N av ie r-
S tokes r e s u l t s  w ith  th e  body and shock s l i p  do p ro v id e  th e  r i g h t
behav io r o f  ap p ro ach in g  th e  f r e e  m olecule flow v alu e  a t  h ig h e r
a l t i t u d e s .  These r e s u l t s ,  however, f i r s t  show a d e c re a se  in  th e  v a lu e
o f  C and th en  an in c re a s e  as th e  a l t i t u d e  in c re a s e s  f u r th e r .
P
T his b e h a v io r , a ls o  o b ta in ed  by J a in  and Adim urthy [6 6 ] ,  i s  
c o n s is te n t  w ith  th e  t re n d  observed  by P o t te r  and B a ile y  [6 7 ] .  Good 
agreem ent between th e  N av ie r-S to k es  r e s u l t s  and th e  d a ta  o f  P o t te r  and 
B a iley  [67] was r e p o r te d  by J a in  and Adimurthy [6 6 ] .  As can be n o tic e d  
from F ig s . ^ . I 1) to  H .17, th e  d ip  in  th e  p re s su re  c o e f f i c i e n t  curve i s  
reduced by in c re a s in g  th e  w a ll te m p e ra tu re . For ar. a d ia b a t ic  s u r fa c e  
(im ply ing  no te m p e ra tu re  s l i p ) ,  th e r e  i s  no d ip  in  th e  c u rv e , and i t
in c re a s e s  m o n o to n ica lly  tow ards th e  fre e -m o le c u le  flow  v a lu e  w ith  th e  
in c re a s in g  in  th e  a l t i t u d e .  I t  may be m entioned h e re  t h a t  th e  f r e e -  
m olecule flow v a lu e  o f  Cp a s  w e ll a s  i t s  asy m p to tic  v a lu e  a t  low er
a l t i tu d e s  i s  a ls o  in f lu e n c e d  by th e  w a ll te m p e ra tu re . The fre e -m o le c u le
flow v alu e  i s  o b ta in e d  from th e  e q u a tio n s  o f  B ird 's  [H 6 ]. The p re d ic te d
value  o f C from N av ie r-S to k es  and v isc o u s  s h o c k - la y e r  s o lu t io n s  w ith  
P
s l i p  approach th e  asy m p to tic  v a lu e  o f  1.811, which i s  p r e d ic te d  by th e  
in v is c id  m o d ified  Newtonian fo rm u la tio n , a t  low er a l t i t u d e s  w ith  th e  
in c re a se  in  s u r fa c e  te m p e ra tu re . O bviously , t h i s  a sy m p to tic  v a lu e  i s  
o b ta in ed  fo r  a very  h igh  Reynolds number flow  in  absence o f  any s l i p  
e f f e c t s .  Reducing th e  s l i p  e f f e c t s  by in c re a s in g  th e  w a ll te m p e ra tu re  
a lso  g iv es  t h i s  a sy m p to tic  v a lu e  a t  m odera te ly  h igh  a l t i t u d e s .
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The r e s u l t s  fo r  th e  s t 'a g n a tio n -p o in t h e a t t r a n s f e r  c o e f f i c i e n t  as  
a fu n c tio n  o f  th e  f re e s tre a m  Knudsen number (o r  a l t i t u d e )  a re  p re se n te d  
in  F ig s . 4 .18 to  4 .20  fo r  d i f f e r e n t  s u rfa c e  te m p e ra tu re s . R e s u lts  fo r  a 
g iven  s u r fa c e  te m p e ra tu re  show th a t  th e  v isc o u s  sh o c k - la y e r  fo rm u la tio n  
w ith  or w ith o u t s l i p  does no t g ive  p h y s ic a l ly  r e a l i s t i c  r e s u l t s  a t  very 
h igh  a l t i t u d e s .  The N av ie r-S to k es r e s u l t s  w ith  s l i p  do approach  th e  
fre e -m o le c u le  flow  v a lu e  o f  app rox im ate ly  u n ity  a t  very  h igh  a l t i t u d e s .  
With an in c re a s e  in  s u r fa c e  te m p e ra tu re , th e  s u r fa c e  h e a t - t r a n s f e r  r a t e  
i s  d ecreased  a s  ex p e c ted . The e f f e c t  o f  s l i p  i s  n o t ic e a b le  down to  an 
a l t i t u d e  o f  ab o u t 60 km fo r  th e  v a r io u s  s u r fa c e  tem p era tu re  co n s id e red  
h e re . D isc re p a n c ie s  o f  l e s s  th an  te n  p e rc e n t a r e  n o t ic e a b le  below 
appro x im ate ly  75 km a l t i t u d e .
R e s u lts  o f  F ig s . 4 .14 to  4 .20  su g g est t h a t  th e  v is c o u s  sh o c k - la y e r  
c a lc u la t io n s  w ith  s l i p  beg in  to  d e v ia te  from th e  N av ie r-S to k es  r e s u l t s
* *
w ith  s l i p  fo r  f r e e s tre a m  Knudsen number (Xtt /  Rj )̂ g r e a te r  th an  abou t
0 .0 6 . For Cp , th e  d e v ia t io n  b eg ins a t  \ a /  R  ̂ =* 0 .0 1 . I t  may n o t be
a p p ro p r ia te  t o  u se  th e  v is c o u s  sh o c k - la y e r  model even w ith  body and 
shock s l i p  a t  h ig h e r  a l t i t u d e s .
4 .6  C onclusions
R e su lts  have been o b ta in e d  fo r  th e  su rfa c e  p re s s u re ,  d rag , h ea t 
t r a n s f e r ,  and s k i n - f r i c t i o n  c o e f f i c i e n t s  fo r  h y p e rb o lo id s  and s p h e re -  
cone-shaped s le n d e r  b o d ie s  under v ary in g  deg rees o f  lo w -d e n s ity  flow  
c o n d it io n s . R ecen tly  o b ta in e d  s u r f a c e - s l ip  and c o r re c te d  s h o c k - s l ip  
c o n d itio n s  a re  employed to  account f o r  th e  lo w -d e n s ity  e f f e c t s .  The 
method o f  s o lu t io n  used  fo r  th e  v isc o u s  sh o c k - la y e r  e q u a tio n s  i s  a
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p a r t i a l l y  coup led  s p a t ia l-m a rc h in g  im p lic i t  f i r . i t* . - d i f f e r e n c e  te c h n iq u e . 
The flow ca ses  an a ly zed  in c lu d e  h ig h ly  coo led  s u r fa c e s  in  very  h igh  Mach 
number f lo w s. The v isc o u s  sh o c k - la y e r  p re d ic t io n s  compare q u i te  
fa v o rab ly  w ith  ex p e rim en ta l d a ta .  R e su lts  a r e  a ls o  o o uainea from th e  
s t e a d y - s ta t e  N a v ie r-S to k es  eq u a tio n s  by su c c e ss iv e  ap p ro x im a tio n s  by 
using  th e  v is c o u s  sh o c k - la y e r  r e s u l t s  to  e v a lu a te  h ig h e r  o rd e r  term s fo r  
th e  f i r s t  ap p ro x im a tio n . Comparison between th e  N a v ie r-S to k es  and 
v isco u s  sh o c k - la y e r  r e s u l t s  in d ic a te s  th a t  v isc o u s  sh o c k - la y e r  eq u a tio n s  
even w ith body and shock s l i p  do no t g iv e  p h y s ic a l ly  c o n s is te n t  r e s u l t s  
in  th e  s ta g n a t io n  re g io n  above appro x im ate ly  75 km a l t i t u d e  fo r  th e  
co n d itio n s  c o n s id e re d  in  t h i s  s tu d y .
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C hapter 5 
CHEMICAL NONEQUILIBRIUM FLOWS
5.1 In tro d u c tio n
One o f  dominant a s p e c t o f  h y p erso n ic  flow  i s  h ig h - te m p e ra tu re  
e f f e c t s .  S tro n g  com pression o f  th e  gas fo rw ard  o f  th e  v e h ic le  and h e a t 
g e n e ra tio n  due to  v isc o u s  d i s s ip a t io n  le ad  to  in c re a s e  g as te m p e ra tu re  
in  th e  shock l a y e r .  At h igh  tem p e ra tu re , th e  gas w i l l  become ch em ica lly  
r e a c t in g .  The s p e c i f ic  h e a t p e r u n i t  mass i s  c o n s id e ra b ly  in c re a s e d ,  
th e  s p e c i f ic  h e a t  r a t i o  w i l l  no lo n g e r eq u a l to  l.H  and w i l l  no lo n g e r 
b e  a c o n s ta n t .  The assum ption o f  a c a lo r i c a l l y  p e r f e c t  g as  i s  n o t 
a p p ro p r ia te ;  th e  e f f e c t s  o f  chem ical r e a c t io n s  must be tak en  in to  
a c co u n t.
From th e  example o f  a tm ospheric  en try  o f  th e  A pollo  command 
v e h ic le  g iven  by Anderson [6 8 ] ,  th e  shock la y e r  tem p era tu re  p r e d ic te d  on 
th e  b a s is  o f  an e q u ilib r iu m  ch em ica lly  r e a c t in g  gas i s  a f a c to r  o f  5 
l e s s  th an  th e  tem p e ra tu re  p re d ic te d  on th e  b a s i s  o f  a  c a lo r i c a l l y  
p e r f e c t ,  n o n re a c tin g  gas which g iv es  an u n r e a l i s t i c a l l y  h igh  v a lu e  o f  
tem p e ra tu re  in  a h igh  Mach number flow . Two m ajor p h y s ic a l  
c h a r a c t e r i s t i c s  which cause  a h ig h -te m p e ra tu re  gas to  d e v ia te  from 
c a lo r i c a l l y  p e r f e c t  gas b eh a v io r , as s t a t e d  in  [6 8 ] ,  a r e  v i b r a t i o n a l  
e x c i t a t io n  and chem ical r e a c t io n s .
A ll chem ical p ro c e s se s  ta k e  p lace  by m o lecu lar c o l l i s i o n s .  As th e  
tem p era tu re  o f  th e  gas i s  in c re a se d , and hence th e  m o lecu la r c o l l i s i o n s
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become more v io l e n t ,  i t  i s  p ro b a b le  t h a t  th e  d ia to m ic  m olecu les o f  
oxygen, 02> and n i t r o g e n ,  N2 , w i l l  be d is s o c ia te d  and n i t r i c  o x id e , NO,
w i l l  be formed o r d i s s o c ia te d  by c o l l i s io n s  w ith  o th e r  p a r t i c l e s .  In  
t u r n ,  c o l l i s i o n s  ta k e  tim e to  o c c u r . Hence, th e  chem ical changes in  a 
gas r e q u ir e  a f i n i t e  tim e to  o c c u r . E q u ilib r iu m  flow s assume t h a t  th e  
gas has had enough tim e fo r  th e  n ec e ssa ry  c o l l i s io n s  to  o c c u r . However, 
th e r e  a re  some f l i g h t  c o n d itio n s  f r e q u e n t ly  en co u n te red  in  a tm o sp h eric  
e n try  where th e  g as  i s  n o t g iv en  th e  n e c e ssa ry  tim e to  come to  a s t a t e  
o f  e q u i l ib r iu m . Under th e s e  c o n d i t io n s ,  flow s a re  c h a ra c te r iz e d  by a 
chem ical n o n e q u ilib r iu m  p ro c e ss  in  th e  shock la y e r .  The ex p e rim e n ta l 
w a ll te m p e ra tu re  m easurem ents and r e s u l t i n g  h e a t - t r a n s f e r  r a t e s  o b ta in e d  
d u rin g  th e  f i r s t  f l i g h t s  o f th e  Space S h u t t le  have been low er th a n  th e  
p re d ic te d  e q u il ib r iu m  v a lu e s  a t  l e a s t  over th e  f i r s t  HO p e rc e n t  o f  th e  
S h u t t le  le n g th  and fo r  much o f  th e  a l t i t u d e  range o f  i n t e r e s t  [69—7 2 ] . 
The f l i g h t  d a ta  from th e  C a ta ly t ic  S u rface  Experim ent [71 ,731  have 
v e r i f i e d  t h a t  th e  low er r a t e s  can be  a t t r i b u t e d  p r im a r i ly  to  th e  f a i r l y  
n o n c a ta ly t ic  n a tu re  o f  th e  S h u t t le  th erm a l p r o te c t io n  system  and n o t to  
th e  unknowns in  th e  f re e s tre a m  or f lo w f ie ld  q u a n t i t i e s ,  and th a t  th e  
n o n e q u ilib r iu m  e f f e c t s  p e r s i s t  to  a l t i t u d e s  as low as  50 km fo r  th e  
o r b i t e r .
A lthough m easurem ent d a ta  c a n .b e  o b ta in e d  from th e  Space S h u t t le  
f l i g h t s ,  i t  i s  v e ry  ex p en siv e  fo r  each f l i g h t .  M oreover, a sm a ll s c a le  
la b o ra to ry  experim en t cannot s im u la te  th e  chem ical n o n e q u ilib r iu m  flow  
around a h y p e rso n ic  v e h ic le .  An ad eq u ate  d es ig n  c a p a b i l i ty  f o r  f u tu r e  
t r a n s p o r ta t io n  sy stem s r e l i e s  on n u m erica l p r e d ic t io n s .  Among th e  
nu m erica l m ethods a v a i la b le  fo r  s o lv in g  th e  r.cr.cq-. l l ib r iu m  flow  over a
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h y p erso n ic  v e h ic le ,  th e  v isc o u s  sh o ck - la y e r approach n o t only  has th e  
advantage o f  r e q u ir in g  much l e s s  computing co s t a s  compared to  th e  
N av ie r-S to k es  s o lu t io n s ,  b u t i t  a l s o  p ro v id es  a c c u ra te  p r e d ic t io n s .
T his method h as  been used  w idely  as a to o l  fo r  e n g in e e rin g  c a lc u la t io n s  
[2 4 ,6 0 ,6 1 ,7 2 ,7 4 ,7 5 ] .
The v isc o u s  sh o c k - la y e r  eq u a tio n s  fo r  a p e r f e c t  gas and fo r  a 
chem ically  r e a c t in g  b in a ry  m ix tu re  were developed  by Davis [ 1 2 ,5 6 ] .
Based on t h i s  a n a ly s i s ,  Moss [2 4 ] developed a code u s in g  th e  v is c o u s -  
sh o c k - la y e r  e q u a tio n s  fo r  a m ulticom ponent gas m ix tu re  w ith  chem ical 
eq u ilib r iu m  o r n o n e q u ilib riu m . I t  i s  shown t h a t  a c c u ra te  r e s u l t s  can be 
o b ta in ed  by t h i s  n o n eq u ilib riu m  code [2 4 ,7 2 ,7 4 ,7 6 ,7 7 ] .  However, th e  
d i f f i c u l t i e s  en co u n te red  in  th e  case  o f a p e r f e c t  gas a re  a ls o  
encoun te red  in  th e  n o n eq u ilib riu m  flow  over a s le n d e r  long body.
A p p ro p ria te  shock and w a ll boundary c o n d itio n s  m ust be p re s c r ib e d  
fo r  th e  v is c o u s  s h o c k - la y e r  e q u a tio n s  fo r  ch em ica lly  r e a c t in g  f lo w s . In  
a d d it io n  to  s u r fa c e  tem p e ra tu re  and v e lo c i ty ,  w a ll s p e c ie s  
c o n c e n tra tio n s  a re  needed . However, th e  s u r fa c e  h e a tin g  r a t e  in  a 
h y person ic  n o n eq u ilib riu m  flow  environm ent i s  s t ro n g ly  a f f e c te d  by th e  
s u rfa c e  c a t a l y t i c  a c t i v i t y  ( th e  reco m b in a tio n  o f  th e  d i s s o c ia te d  oxygen 
and n itro g e n  a to m s). For a d is s o c ia te d  n o n eq u ilib riu m  flow over a 
f i n i t e - c a t a l y t i c  w a ll ,  th e  h e a tin g  r a t e  and th e  w a ll s p e c ie s  
c o n c e n tra tio n  i s  a fu n c tio n  o f  th e  s u rfa c e  r e a c t io n  r a t e  c o e f f i c i e n t  (o r 
e n e rg y - t ra n s fe r  reco m b in a tio n  c o e f f i c i e n t )  [7 8 ] .  The te m p e ra tu re -  
dependent and c o n s ta n t v a lu e s  o f  th e  c o e f f i c i e n t s  fo r  oxygen and 
n itro g e n  s u r fa c e  reco m b in a tio n  have been determ ined  by S c o t t  [ 7 9 ] .
These v a lu e s  have been in c o rp o ra te d  in  th e  v is c o u s -s h o c k - la y e r  code 
a v a ila b le  in  [7 2 ] ;  how ever, th e  r e s u l t i n g  h e a tin g  p r e d ic t io n s  a re  only
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in  f a i r  agreem ent w ith  th e  STS-2 ex p e rim en ta l d a ta . Based on STS-2 
d a ta , a new oxygen re a c t io n  r a t e  ex p re ss io n  has been developed  by Zoby 
e t  a l .  [7 7 ] ,  and i t  has been shown th a t  a b e t t e r  h e a tin g  com parison w ith  
ex p e rim en ta l d a ta  can be o b ta in ed  [7 5 ,7 7 ] .
Thermodynamic p ro p e r t ie s  ana t r a n s p o r t  p r o p e r t ie s  a re  r e q u ir e d  fo r  
each s p e c ie s  co n s id e red  in  a m ulticom ponent gas m ix tu re s . A ll th e s e  
p ro p e r t ie s  a re  o b ta in ed  from th e  polynom ial c u r v e - f i t  fo rm u las  based  on 
measured d a ta .  M easurements made on th e  O rb ite r  d u rin g  r e e n t ry  have 
p rov ided  an e x te n s iv e  and r e l i a b l e  d a ta  b ase  to  im prove th e se  r e l a t i o n s .
The prim ary  o b je c t iv e  o f  t h i s  s tu d y  i s  to  in v e s t ig a te  th e  e f f e c t s  
o f chem ical n o n eq u ilib riu m  c o n d itio n s  in  h y p erso n ic  flow s over long  
s le n d e r b o d ie s . For t h i s ,  m o d if ic a tio n s  in  th e  e x i s t in g  code by Moss 
[2*1] a re  needed . The m o d if ic a tio n s  in c lu d ed  a r e : ( 1 )  th e  two f i r s t  
o rder e q u a tio n s , c o n t in u i ty  and normal momentum, a re  so lv ed  
s im u ltan eo u sly  as a coupled  s e t ,  and (2) th e  therm odynamic and t r a n s p o r t  
curve f i t  r e l a t i o n s  a re  m o d ified . The e f f e c t s  o f  d i f f e r e n t  w a ll 
reco m b in atio n  c o e f f i c i e n t s  on th e  p re d ic te d  h e a t t r a n s f e r  a re  
in v e s t ig a te d .  A lso , t h i s  ch a p te r in c lu d e s  a p a ra m e tr ic  s tu d y  on th e  
e f f e c ts  o f  b o d y -an g le , nose r a d iu s ,  and Mach number.
5 .2  A n a ly sis
The c o n se rv a tio n  e q u a tio n s  t h a t  d e s c r ib e  a r e a c t in g  m ulticom ponent 
gas m ix tu re  can be found in  th e  l i t e r a t u r e  [2 7 ,2 8 ] .  The v is c o u s  sh o ck - 
la y e r  eq u a tio n s  fo r  n o n eq u ilib riu m  m ulticom ponent gas m ix tu re  developed  
by Moss [24] a re  o b ta in ed  from th e  co n se rv a tio n  e q u a tio n s  em ploying th e  
same p roced u re  as fo r  th e  p e r f e c t  gas [1 2 ] .  For a b lu n t ax isym m etric
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body a t  ze ro  an g le  o f a t ta c k ,  th e  g lo b a l c o n t in u i ty ,  s-momentum, and n- 
momentum e q u a tio n s  in  th e  o r th o g o n a l, b o d y -o rie n te d  tran sfo rm ed  
c o o rd in a te s  and in  nondim ensional form a re  w r i t te n  in  th e  same form as 
Eqs. (2 .2 5 ) th ro u g h  (2 .2 9 ) ,  (2 .3 5 ) and (2 ,36 ) ex cep t th e  eddy v i s c o s i ty ,
eq u a tio n  i s  fo rm u la ted  in  term s o f  th e  tem p era tu re  in s te a d  o f  t o t a l  
e n th a lp y . In  a d d i t io n  to  th e s e  c o n se rv a tio n  e q u a tio n s , th e  s p e c ie s  
c o n t in u i ty  e q u a tio n  and e q u a tio n  o f  s t a t e  a re  needed to  com plete th e  s e t  
o f e q u a tio n s . The energy and s p e c ie s  c o n tin u ity  eq u a tio n s  in  th e  
co m p u ta tio n al p la n e  a re  w r i t te n  in  th e  form o f  Eq. ( 2 .2 5 ) .  The W in  
t h i s  e q u a tio n  r e p re s e n ts  T f o r  th e  energy eq u a tio n  and fo r  th e
s p e c ie s  c o n t in u i ty  e q u a tio n . The c o e f f i c i e n t s  o 1 to  o ^ , Eqs. (2 .^ 2 )  to
(2.1)9), a r e  g iv en  h e re  ag a in  by 
Energy, W « T:
+
e , i s  s e t  to  z e ro . For a chem ical n o n eq u ilib riu m  flow , th e  energy
I k  d g t  sh + J 'sti ° 
tc 3n dfj 1 + nn ic r+rjh . cos0
(5 .1 )2 — 
e ic(1+nnshK)
a,2 0 (5 .2 )
2
nshy r 1 3u d g _____ icu 12
a 3 " k nsh  3n dff “ U T S h ^
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Abik
^ L e’ i i«k
(5 .1 1 )
i
I-e .i -  [ = r  L*. ilt
M* "s
(1-4)  I Le C ] 
\  J-!
*
In  Eq. ( 5 .1 1 ) ,  L e»ik  a re  th e  m ulticom ponent Lewis numbers and M i s  
m o lecu lar w e igh t which i s  g iv en  by
M (5 .1 2 )
3 1
y *
. L.  M.
1 - 1  1
The mass f lu x ,  iT ,  due to  c o n c e n tra t io n  g ra d ie n ts  can be w r i t t e n  a s  [29 ]
N 3C dg
J i '  " W *  lbll< ^  (5 ' 13>
The eq u a tio n  o f  s t a t e  i s  g iven  by
p -  pT R* /  M* C * (5.111)
P,®
The term  which ap p ears  in  th e  energy  and s p e c ie s  c o n t in u i ty  
e q u a tio n s  r e p r e s e n ts  th e  r a t e  o f  p ro d u c tio n  o f  s p e c ie s  i  due to  chem ical
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r e a c t io n s .  As d isc u s se d  by B lo ttn e r  [6 ,2 9 ]  and Davis [5 6 ] ,  th e  way o f  
th e  p ro d u c tio n  term s a r e  w r i t te n  i s  very im p o rtan t in  ac h ie v in g  
convergence o f  th e  i t e r a t i o n  p ro ced u re . C onsequently , fo r  th e  energy 
e q u a tio n , th e  p ro d u c tio n  term s a re  w r i t te n  a s  [56]
( p \ + 1  “ ( p \  + 3T ( p ^k ( Tk+1 ~ Tk ) (5 .1 5 )
where k d en o tes  th e  i t e r a t i o n  fo r  which th e  s o lu t io n  i s  known and k+1 
th e  i t e r a t i o n  fo r  which a  s o lu t io n  i s  re q u ir e d . I t  i s  found t h a t  i f  an 
ex p re ss io n  o f  t h i s  ty p e  i s  no t used which a llo w s T to  appear a s  an 
unknown in  th e  energy e q u a tio n , th e  method w i l l  n o t converge a t  low 
a l t i t u d e  c o n d it io n s  where th e  gas i s  approach ing  e q u ilib r iu m  c o n d i t io n s  
N
[2 9 ] .  The term  £ h .ft. which ap p ears  in  th e  energy eq u a tio n , Eq. ( 5 .3 ) ,
i-1
i s  w r i t te n  as fo llo w s :
N -  -
I s  h ft -  ft + Tft (5 .1 6 )
i-1
As fo r  th e  s p e c ie s  c o n t in u i ty  e q u a tio n s , th e  p ro d u c tio n  term  i s  w r i t te n  
as
Hence, Eqs. (5 .1 5 ) and (5 .1 7 ) ex p ress  th e  p ro d u c tio n  term s a s  a  fu n c tio n  
o f tem p era tu re  f o r  th e  energy  e q u a tio n  and in  term s o f  th e  s p e c ie s  mass 
f r a c t io n  fo r  th e  s p e c ie s  e q u a tio n s .
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5 .3  Boundary C o n d itio n s  
At th e  w a ll , th e  n o - s l ip  and no -tem p era tu re -ju m p  boundary 
c o n d itio n s  a re  used  in  t h i s  s tu d y . No mass i n je c t io n  i s  c o n s id e re d , th e  
normal component o f  v e lo c i ty  a t  th e  s u rfa c e  i s  tak en  to  be  z e ro .  A lso , 
th e  s u r fa c e  t o t a l  en th a lp y  i s  g iven  a s
N
I s  h.C. (5 .1 8 ). , 1 1i-1
For a n o n eq u ilib riu m  flo w , th e  w all s p e c ie s  c o n c e n tra t io n  i s  
d ic ta te d  by th e  c a t a l y t i c  reco m b in a tio n  r a t e  ky in  th e  reco m b in a tio n
e q u a tio n  which i s  g iv en  by
3Ci  68  kw i pPr nsh- p  -  W>1 - r- - % C -  0 (5 .1 9 )3n dn r 2 iLe p e
* #
where k . -  k . /  U . The c a ta l y t i c  reco m b in a tio n  r a t e  i s  determ ined  w ,i  w ,i  ®
from th e  c a t a l y t i c  reco m b in a tio n  c o e f f i c ie n t  (o r  c a t a l y t i c  e f f ic ie n c y )  
Ti  by [78 ]
Yi
2ttM* f
- A  k w i  ( 5 - 20)
R T
For a n o n c a ta ly t ic  w a ll ,  th e  c a ta ly t i c  reco m b in a tio n  r a t e  o f  atom s i s
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eq u a l to  z e ro  [3 1 ] ; hence, Eq. (5 .1 9 ) becomes
(5 .2 1 )
fo r  a l l  th e  s p e c ie s  o f  a m ulticom ponent m ix tu re . For a f u l ly  c a t a l y t i c  
w a ll,  th e  c a t a l y t i c  reco m b in a tio n  r a t e  o f  each atom i s  eq u a l to  one
For a f i n i t e  r a t e  c a t a l y t i c  w a ll ,  th e  reco m b in a tio n  c o e f f i c i e n t  
fo r  oxygen and n i t ro g e n  based on a r c j e t  e x p e rim en ta l h e a t - t r a n s f e r  d a ta  
were d e term in ed  by S c o t t  [79 ] such a s
However, i t  has been n o tic e d  th a t  th e  r e s u l t i n g  h e a tin g  p r e d ic t io n s  a re  
on ly  in  f a i r  agreem ent w ith  th e  STS-2 ex p e rim en ta l d a ta  by 
in c o rp o ra t in g  th e s e  c o e f f i c i e n t s  [ 7 2 ,7 5 ] .  Zoby e t  a l .  [77 ] developed  a 
re co m b in a tio n  c o e f f i c i e n t  fo r  oxygen based  on ex p e rim en ta l f l i g h t ,  STS- 
2, h e a t - t r a n s f e r  d a ta .  I t  i s  g iv en  by
Boundary c o n d it io n s  im m ediately  beh ind  th e  shock a r e  c a lc u la te d  by 
u sin g  the  R ankine-H ugoniot r e l a t i o n s .  The nond im ensional shock
[3 1 ] .
*
-10271 /T
(5 .2 2 )w
and
Yn « 0.071 e
-2 2 1 9/T w (5 .2 3 )
YQ -  0.009*11 e
- 6 5 8 .9/Tw ( 5 . 2*1)
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r e l a t i o n s  a re  th e  same as Eqs. (3 .2 1 ) to  (3 .2 3 )  and in c lu d e  
Energy:
hsh “ h-  + (1‘  ~ T ) ( 5 ' 25)
2 psh
S ta te :
*
psh ■ »shTsh > «-26)
Msh Cp,-
E n th a lp y : -*
hs» ■ j*  "i.a. Ci,sh (5'27)
The ch em is try  a c ro ss  th e  shock wuve i s  assumed to  b e  f ro z e n .
5 .1) Chem ical C om position 
In  t h i s  s tu d y , th e  chem ical r e a c t io n  i s  co n fin e d  to  a system  o f  
n e u t r a l  a i r  s p e c ie s  (0 ,  02> N, N2 and NO). When chem ical r e a c t io n s
p roceed  a t  a f i n i t e  r a t e ,  th e  r a t e  o f  p ro d u c tio n  te rm s a re  r e q u ir e d .
For a  m ulticom ponent g as  w ith  Ng r e a c t in g  chem ical s p e c ie s  and
chem ical r e a c t io n s ,  th e  chem ical e q u a tio n  d e s c r ib in g  th e  o v e r a l l  change 
from r e a c t a n t s  to  p ro d u c ts  may be  w r i t te n  in  th e  g e n e ra l  form
nj » l i ’Z  *
^   S i . A  (5.28)
V  '
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where r  *= 1 , 2 , . . . ,  and fL i s  eq u a l to  th e  sum o f  th e  r e a c t in g  s p e c ie s
(N ) p lu s  th e  number o f  c a t a l y t i c  b o d ies . The q u a n t i t i e s  a . and 6. s l , r  i , r
a re  th e  s to ic h io m e tr ic  c o e f f i c i e n t s  fo r  r e a c ta n ts  and p ro d u c ts ,
* *
r e s p e c t iv e ly ,  w hereas K_ and K. a r e  th e  forw ard and backward r a tef , r  b , r
*
c o n s ta n ts .  The q u a n t i t i e s  d en o te  th e  c o n c e n tra t io n s  in  m oles p er
u n i t  volume. The r a te  o f  change o f  any s p e c ie s  as  a r e s u l t  o f  a 
p a r t i c u la r  r e a c t io n  i s  [80]
* N
dXi  * j  r
“ (B± r -  a r ) (K r it X J ’ r
d t r  1 , r  1 , r  I , r  j-1  J
Ni B * J r  
-  K. it X. J , r ) (5 .2 9 )
b ’ r  > 1  J
In  o rd e r  to  f in d  th e  n e t  mass r a t e  o f  p ro d u c tio n  o f  th e  i t h  s p e c ie s  p e r
u n i t  volume, Eq. (5 .2 9 ) must be summed over a l l  r e a c t io n s  r .  T h u s ,th e
*
r a t e  o f  p ro d u c tio n  o f  chem ical s p e c ie s ,  can be ex p ressed  a s
* « ! r  <“ *
■ Mi  i  ^r-1  d t r
(5 -30 )
The chem ica l r e a c t io n s  u sed  in  t h i s  s tu d y  a re  a s  fo llo w s : 
r  ■ 1 ©2 * 20 + M1
r  -  2 N2 + M2 -  2N + M2
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
135
r  « 3 N2 + N -  2 N + N
r  -  H N0 + M3 « N + 0 + M 3
r - 5  NO + 0 - 0 ^ + N
r - 6  N2 + 0  - N O + N
where M1 , M2 and M3 a r e  th e  c a t a l y t i c  t h i r d  b o d ie s  [6 ]  . The r e a c t io n
c o n s ta n ts  fo r  th e s e  e q u a tio n s  a re  ex p ressed  in  th e  m o d ified  A rrh en iu s
form , where th e  fo rw ard  r a t e  i s  g iv en  as
*  *  3* ,C2 C x 10 , , ~c
Kf  -  T e x p ( lo g e COp -  —  ;  ) , ^  ( 5 ^ | )  r  (M.31)
’ T cm
and th e  backward r a t e  i s  g iv en  as
- -D2* D1* x 103 , -B
Kb r - T  e x p (lo g  DO -  ;  r  (5 .3 2 )
D ,r e r  T s  cmi
where
" i
a  -  £ a . “ 1
r  i-1  l , r




6r  - I B, r  -  1 ( 5 .3 d
r  i-1  1 , r
The v a lu e s  f o r  th e  c o e f f i c i e n t s  in  Eqs. (5 .3 1 ) and (5 .3 2 )  a re  tak en  from 
th e  co m p ila tio n  o f  e x p e rim e n ta lly  determ ined  r a t e  c o n s ta n ts  g iv en  by 
B lo ttn e r  e t  a l .  [8 1 ] .  F or a s p e c if ie d  te m p e ra tu re , d e n s i ty ,  and s p e c ie s  
com position , Eqs. (5 .2 9 ) to  (5 .3 2 ) a re  used to  d e te rm in e  th e  p ro d u c tio n  
r a te  o f  a  m ulticom ponent g a s .
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
1 3 6
5 .5  Thermodynamic and T ran sp o rt P ro p e r t ie s
The therm odynamic p ro p e r t ie s  C . and h. and th e  t r a n s p o r tp, 1 l
p ro p e r t ie s  y <f and a re  re q u ire d  fo r  each s p e c ie s  c o n s id e re d .
S ince th e  m ulticom ponent gas m ix tu res  a re  co n s id e red  to  be m ix tu re s  o f
th e rm a lly  p e r f e c t  g a se s , th e  thermodynamic and t r a n s p o r t  p r o p e r t ie s  fo r
each s p e c ie s  a re  c a lc u la te d  by using  th e  lo c a l  te m p e ra tu re  and p r e s s u re .
Then th e  m ix tu re  p r o p e r t ie s  a r e  determ ined  in  te rm s o f  th e  in d iv id u a l
s p e c ie s  p r o p e r t ie s .
5 .5 .1  Thermodynamic P ro p e r t ie s
V alues fo r  th e  thermodynamic p ro p e r t ie s  a s  a fu n c tio n  o f
tem p era tu re  a r e  o b ta in e d  by u s in g  polynom ial cu rve f i t s  f o r  each
chem ical s p e c ie s .  The fo llo w in g  polynom ial e q u a tio n s  a re  u sed :
S p e c if ic  Heat 
*
r
n i  * *2 *3
- E i i  -  3l + a2T + a 3T * + a^T 3 + a5T (5 .3 5 )
E nthalpy
* * *0 *0 *il
h a T a T a T a T a 6
7 7 - a i + ^ -  + - f -  + - r -  + - f -  + 4
The developm ent o f  th e s e  curve f i t s  and a t a b u la t io n  o f  th e  po lynom ial 
co n s ta n t (a^ to  a^) a r e  p re s e n te d  in  [8 2 ] .  T hese c u r v e - f i t  fo rm u las  a r e
ta b u la te d  up to  15,000 K. However, th e r e  a re  many flow  c o n d it io n s  where 
th e  te m p e ra tu re s  in  th e  shock la y e r  a re  much h ig h e r th a n  15 ,000  K.
Hence, th e se  cu rv e  f i t  fo rm u las  have been ex tended  to  a  te m p e ra tu re  
range o f  up to  35,000 K by Shinn [83] based on th e  ta b u la te d  v a lu e s  
g iven by Browne [ 8 ^ ,8 5 ] .
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5 .5 .2  T ra n sp o r t  P ro p e r t ie s
T ra n sp o r t  p r o p e r t ie s  fo r  v is c o s i ty  and th erm a l c o n d u c tiv i ty  a r e  
r e q u ire d  fo r  each s p e c ie s  c o n s id e red  in  th e  shock la y e r  g a s . These 
p ro p e r t ie s  a r e  o b ta in e d  by u s in g  polynom ial cu rv e  f i t s  to  th e  d a ta  o f  
Esch e t  a l .  [8 6 ] .  The m ix tu re  v i s c o s i ty  i s  o b ta in ed  by u s in g  th e  
s e m iem p irica l fo rm ula  o f  W ilke [2 7 ] .  The m ix tu re  th e rm a l c o n d u c tiv i ty  
i s  o b ta in ed  by a method an a lo g o u s to  th a t  used fo r  v i s c o s i ty  [ 2 4 ] .  A 
b in a ry  d i f fu s io n  model w ith  Lewis number equa l to  1 .4  i s  u sed .
In  a d d i t io n ,  th e  t r a n s p o r t  p r o p e r t ie s  o f  th e  in d iv id u a l  s p e c ie s  
a r e  a ls o  o b ta in e d  from  th e  po lynom ial c u r v e - f i t s  in  te m p e ra tu re  to  th e  
v a lu e s  g iv en  by Yos [8 7 ] .  T hese d a ta  a re  b e l ie v e d  to  be more a c c u ra te  
a t  th e  h ig h e r  te m p e ra tu re s  which a re  en co u n te red  in  n o n eq u ilib riu m  
c a lc u l a t io n s .  With th e s e  in d iv id u a l  s p e c ie s  p r o p e r t ie s ,  t r a n s p o r t  
p r o p e r t ie s  fo r  th e  gas m ix tu re  a re  o b ta in ed  by u s in g  th e  m ethods o f  
Armaly and S u tto n  [8 8 ] f o r  v i s c o s i ty  and Mason and Saxena [8 9 ] f o r  
th erm al c o n d u c tiv i ty .
5 .6  Method o f  S o lu tio n  
The method o f  s o lu t io n  i s  e s s e n t i a l l y  th e  same as  t h a t  u sed  fo r  
s o lv in g  th e  v is c o u s  s h o c k - la y e r  eq u a tio n s  fo r  one component p e r f e c t  g as . 
The s o lu t io n  fo r  th e  m ulticom ponent gas m ix tu re  p ro ceed s  in  e x a c tly  th e  
same way a s  g iv en  in  Chap. 3 f o r  th e  one component g as  e x c e p t a s p e c ie s  
e q u a tio n  i s  in c lu d ed  now.
T hree se c o n d -o rd e r e q u a tio n s , s p e c ie s  c o n t in u i ty ,  s-momentum and 
energy , a r c  re p la c e d  w ith  c e n t r a l  d i f f e re n c e s  in  th e  n - d i r e c t io n  and 
tw o -p o in t backward d i f f e r e n c e s  in  th e  ^ - d i r e c t io n .  The two f i r s t - o r d e r  
e q u a tio n s , c o n t in u i ty  and n-momentum, a re  so lv ed  s im u lta n e o u s ly . The
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d e n s ity  in  th e s e  two eq u a tio n s  a re  re p la c e d  by Eq. ( 5 .1 4 ) .  Then th e s e  
two eq u a tio n s  can be w r i t te n  in  th e  same form s as Eqs. (3 .6 0 ) to  (3 .6 3 ) .  
The c o e f f i c i e n t s  f o r  a m ulticom ponent gas m ix tu re  in  th e s e  e q u a tio n s  a re  
g iven in  Appendix A. A ll th e s e  e q u a tio n s  along  w ith  th e  boundary 
c o n d itio n s  c o n s t i t u t e  a system  o f th e  t r id ia g o n a l  form such a s  Eqs. 
(3 .5 3 ) .  (3 .6 4 )  and (3 -6 5 ) .  The shock s ta n d -o f f  d is ta n c e  i s  e v a lu a te d  by 
in te g ra t in g  th e  c o n t in u i ty  e q u a tio n  and d e n s i ty  i s  o b ta in e d  from th e  
eq u a tio n  o f  s t a t e .
For s p e c i f ie d  f r e e - s t r e a m  c o n d itio n s  and body geom etry , a 
s ta g n a tio n  s t re a m lin e  s o lu t io n  i s  o b ta in e d . W ith th e  s ta g n a t io n  
s tre a m lin e  s o lu t io n  p ro v id in g  th e  i n i t i a l  c o n d i t io n s ,  th e  c o n d it io n s  a t  
th e  shock p ro v id in g  th e  o u te r  boundary c o n d i t io n s ,  and th e  c o n d i t io n s  a t  
th e  w a ll ta k e n  a s  th e  in n e r boundary c o n d it io n s ,  th e  n u m erica l s o lu t io n  
i s  marched downstream  to  th e  d e s ir e d  body lo c a t io n  5 . At any body 
s ta t io n  ra. th e  converged  p r o f i l e s  a t  s t a t i o n  m-1 a re  used  a s  th e  i n i t i a l  
guess fo r  th e  p r o f i l e s  a t  s t a t i o n  m. The s o lu t io n  i s  th en  i t e r a t e d  
lo c a l ly  u n t i l  convergence i s  ac h ie v ed . The s o lu t io n  i s  advanced 
su b seq u en tly  to  th e  m+1 s t a t i o n .  F ig u re  5.1 p re s e n ts  th e  p ro c ed u re  fo r  
s o lv in g  th e  govern ing  e q u a tio n s  fo r  any lo c a t io n  m.
5 .7  R e s u l ts  and D iscu ss io n s
N um erical s o lu t io n  to  th e  p re v io u s ly  d isc u sse d  v isc o u s  s h o c k - la y e r  
eq u a tio n s  w ith  chem ical n o n e q u ilib riu m  a r e  p re se n te d  and d is c u s s e d . 
F i r s t ,  com parisons o f  p re s e n t  r e s u l t s  a re  made w ith  d a ta  o f STS-2 [9 0 ] 
to  in v e s t ig a te  th e  e f f e c t s  o f  m o d if ic a t io n s  o f  th e  chem ical 
n o n eq u ilib riu m  code and th e  h e a tin g  e f f e c t s  o f  d i f f e r e n t  f i n i t e - r a t e  
oxygen s u r fa c e  re co m b in a tio n  e x p re s s io n s . Second, r e s u l t s  o f  th r e e
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T h e r m o d y n a m i c  a n d  t r a n s p o r t  p r o p e r t i e s
1 '
N o Y e s
Convergence A d v a n c e  t o  
s t a t i o n  m * l
S o l v e  e q u a t i o n  o f  s t a t e  f o r  p
S o l v e  s - m o m e n t u m  e q u a t i o n  f o r  u
S h o c k  s o l u t i o n  a t  s t a t i o n  m
S o l v e  e n e r g y  e q u a t i o n  f o r  T
S o l v e  s p e c i e s  c o n t i n u i t y  f o r  c
S o l v e  c o n t i n u i t y  e q u a t i o n  f o r  n
‘s h
S o l v e  e q u a t i o n  o f  s t a t e  f o r  p
I n i t i a l  g u e s s  f o r  a l l  p r o f i l e  q u a n t i t i e s
S o l v e  c o n t i n u i t y  a n d  n ~ m o m e n t u m  
e q u a t i o n  s i m u l t a n e o u s l y  f o r  v  a n d  p
F i o .  5 . 1  S o l u t i o n  s e q u e n c e  w i t h  n o n e q u i l i b r i u m  c h e m i s t r y .
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d i f f e r e n t  sm all body-ang ie  sp h ere  cones a re  p re se n te d  which d em o n stra te  
th e  e f f e c ts  o f  s u r fa c e  c a ta ly s i s  and body an g le . F in a l ly ,  th e  e f f e c t s  
o f  nose b lu n tn e s s ,  Mach number and th e  thermodynamic and t r a n s p o r t  curve 
f i t  r e l a t i o n s  on s u r fa c e  h ea t t r a n s f e r  r a t e  a re  in v e s t ig a te d .
In  th e  o r ig in a l  code o f  Moss [2 4 ] ,  th e  convergence c r i t e r i a  fo r  
each body s t a t i o n  was th a t  th e  r e l a t i v e  d if f e re n c e  be le s s  th an  0.001 
fo r  bo th  th e  tem p e ra tu re  and t a n g e n t ia l  v e lo c i ty  d e r iv a t iv e s  a t  th e  
w a ll . In  t h i s  s tu d y , th e  te m p e ra tu re , t a n g e n t ia l  v e lo c i ty ,  p re s s u re  and 
s p e c ie s  c o n c e n tra t io n  p r o f i l e s  a re  added in to  th e  convergence c r i t e r i a  
where th e  r e l a t i v e  d if f e re n c e  i s  l e s s  than  0.001 fo r  a l l  th e s e  p r o f i l e s .
5 .7 .1  Comparison o f  th e  P re se n t Method w ith  C ascading Method
F ig u re s  5 .2  and 5 .3  show th e  r e s u l t s  o f  shock s ta n d o f f  d is ta n c e
0
and s u r fa c e  h e a t t r a n s f e r  d i s t r i b u t i o n  over a 35 sp h e re  cone w ith  
f i n i t e  r a t e  ch e m is try . W ithout co u p lin g  th e  two f i r s t - o r d e r  e q u a tio n s , 
c o n t in u i ty  and normal-momentum, o s c i l l a t i o n  e x i s t s  in  th e  v i c i n i t y  o f  
th e  tangency  p o in t ;  t h i s  i s  th e  same as w ith  th e  p e r f e c t  g as model 
(F ig s . 3 .5  and 3 .6 ) .  T h is  o s c i l l a t i o n  can be removed by s o lv in g  th e  two 
f i r s t - o r d e r  eq u a tio n s  s im u ltan e o u s ly  in  a coupled  way.
5 .7 .2  Comparison o f  th e  P re se n t Method w ith  Measured Data 
P re s e n t p r e d ic te d  h e a tin g  r a t e s  a re  compared w ith  th e  STS-2
lam in ar h e a tin g  d a ta  [90] fo r  th r e e  d i f f e r e n t  a l t i t u d e s  in  F ig s .  5 .4  to  
5 .6 .  The v isc o u s  sh o c k - la y e r  e q u a tio n s  a re  a p p lie d  to  th e  windward 
symmetry p la n e  by u sin g  th e  concep t o f  an e q u iv a le n t ax isym m etric  body 
a t  z e ro  deg ree  an g le  o f  a t ta c k  [7 2 ,7 7 ,9 1 ,9 2 ] .  R e s u lts  fo r  an a l t i t u d e  
o f  71.29 km a r e  g iven  in  F ig . 5 .4 .  With co u p lin g  th e  g lo b a l  c o n t in u i ty  
and norm al momentum e q u a tio n s , th e  p re d ic te d  h e a tin g  r a t e s  a re  low er
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F i f l .  5 . 3  S u r f a c e  h e a t  t r a n s f e r  r a t e  d i s t r i b u t i o n  f o r  a  




th an  th a t  w ith o u t th e  co u p lin g . S ince th e  body an g le  i s  no t s m a ll ,  th e  
coup ling  e f f e c t  i s  n o t s i g n i f i c a n t .  I t  i s  a ls o  shown th a t  th e  p re d ic te d  
h e a tin g  r a t e s  u s in g  th e  oxygen s u r fa c e  r e a c t io n  r a t e  ex p re ss io n  o f  Zoby 
e t  a l .  [77] y ie ld  b e t t e r  com parison w ith  th e  ex p e rim en ta l d a ta  th an  t h a t  
u s in g  th e  S c o t t 's  r e l a t i o n  [7 9 ] .  The p re d ic t io n  u s in g  S c o t t 's  
ex p re ss io n  a re  30 to  40 p e rc e n t low er th an  th e  ex p e rim en ta l d a ta .  The 
p re s e n t  " e q u iv a le n t"  ax isym m etric  body r e s u l t s  ag ree  q u i te  w e ll w ith  th e  
th re e -d im e n s io n a l r e s u l t s  which a re  o b ta in ed  by Thompson [7 5 ] .  F ig u re s
5 .5  and 5 .6  g iv e  th e  com parisons o f  s u r fa c e  h e a tin g  r a t e  between 
p r e d ic t io n s  and STS-2 d a ta  a t  a l t i t u d e s  50.56 km and 52.97 km, 
r e s p e c t iv e ly .  With f i n i t e  c a t a l y t i c  w a ll c o n d it io n s ,  th e  p re s e n t  
p r e d ic t io n s  a re  in  good agreem ent w ith  th e  d a ta  over th e  le n g th  o f  th e  
v e h ic le .
The r e s u l t s  p re s e n te d  in  F ig s .  5 .4  to  5 .6  show t h a t  th e  f lo w f ie ld  
in  th e  shock la y e r  a t  h ig h  a l t i t u d e  i s  q u i te  f a r  from t h a t  p r e d ic te d  by 
assum ing th e  c o n d itio n  o f  chem ical e q u il ib r iu m . With d ec rea s in g  
a l t i t u d e s ,  th e  d a ta  and th e  f i n i t e  r a t e  ch em istry  p r e d ic t  th e  r e s u l t s  
t h a t  approach  th e  e q u ilib r iu m  v a lu e . However, n ea r th e  s ta g n a t io n  
re g io n  some deg ree  o f  n o n eq u ilib riu m  flow  p e r s i s t s  to  a l t i t u d e s  a s  low 
as  50 km, a s  shown in  F ig . 5 .6 .
5 .7 .3  E f f e c ts  o f  S u rfa c e  C a ta ly s is  and Body Angle
0 0
R e s u lts  fo r  th re e  sp h e re  cones w ith  body h a l f - a n g le s  o f  20 , 10 9
0
and 6 a re  p re se n te d  to  i l l u s t r a t e  tn e  e f f e c t s  o f  body an g le  and s u r fa c e  
c a t a l y s i s .  F ree s tream  c o n d itio n s  a re  th o se  fo r  53.34 km a l t i t u d e  and a 
Mach number o f 25. The b o d ies  have th e  same nose r a d iu s  which eq u a ls  
0.0381 m. Both n o n c a ta ly t ic  and f u l ly  c a t a l y t i c  s u r fa c e s  a re  examined
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to  show th e  l im i t in g  e f f e c t s  o f  w a ll c a ta ly c i ty  on h e a tin g .  F ig u re  5 .7
0
g iv es  th e  convergence h is to ry  o f  th e  shock s ta n d o ff  d is ta n c e  fo r  a 10 
sp h e re -co n e  u sin g  th e  p re se n t m ethod. I t  does not m a tte r  w hether th e  
i n i t i a l  shock shape i s  c re a te d  from th e  p e r f e c t  gas s o lu t io n  fo r  th e  
same b ody-ang le  ( th e  s o l id  l i n e  and th e  dash l in e )  o r from th e  chem ical 
n o n eq u ilib riu m  s o lu t io n  fo r  l a r g e r  body-ang le  ( th e  ch a in  l i n e ) ,  th e
shock s ta n d o f f  d is ta n c e  w il l  converge to  th e  same shock shape .
0 0  0
The p re d ic te d  h e a t - t r a n s f e r  d i s t r i b u t io n s  f o r  20 , 10 , and 6 
sp h e re  cones a re  g iv en  in  F ig s . 5 .8  th rough  5 .1 3 . In  o rd e r t o  p re s e n t  
th e s e  r e s u l t s  c l e a r l y ,  i t  i s  n e c e ssa ry  to  show them in  two f ig u r e s  f o r  
each b o d y -an g le . The f i r s t  o f  th e s e  two f ig u r e s  i s  an en la rg e d  view o f  
th e  nose re g io n  w h ile  th e  second ex ten d s  up to  ^00 nose r a d i i .  From 
th e s e  f ig u r e s ,  i t  i s  seen  t h a t  th e  h e a tin g  r a te s  w ith  th e  n o n c a ta ly t ic  
s u r fa c e  may d ec rea se  more th a n  50 p e rcen t in  com parison to  t h a t  w ith  th e  
f u l l y  c a t a l y t i c  s u r fa c e  on th e  s p h e r ic a l  re g io n . The d i f f e r e n c e s  in  th e  
h e a tin g  r a t e s  d ec rea se  in  th e  downstream re g io n s . With a n o n c a ta ly t ic  
s u r fa c e  an a p p re c ia b le  amount o f  d i s s o c ia t io n  i s  p re s e n t  a t  th e  w a ll ,  
th en  a d i f f u s io n - in h ib i t i n g  b la n k e t o f  unrecom bined atoms can p i l e  up 
n ear th e  s u r fa c e  and th e reb y  reduce  th e  h e a t t r a n s f e r  to  th e  w a ll by 
d i f fu s io n ;  t h i s  could  r e s u l t  in  a re d u c tio n  o f  h e a t  t r a n s f e r  to  th e  
s u r fa c e .  On th e  o th e r  hand, w ith  a f u l ly  c a t a l y t i c  s u r fa c e  th e  atom ic 
sp e c ie s  which r e s u l t  from th e  d i s s o c ia t io n  in  th e  h ig h  te m p e ra tu re  a i r  
w i l l  recom bine w ith  oxygen and n itro g e n  m olecu les a t  th e  s u r f a c e .  S in ce  
th e  d i f fu s io n  f lu x  o f  atoms tow ard th e  w a ll must b e  eq u a l to  th e  r a t e  o f  
d isap p ea ran c e  o f  atom s a t  th e  w a ll due to  reco m b in a tio n  th e r e ,  th e  h e a t 
t r a n s f e r  to  w a ll by d i f fu s io n  i s  maximum w ith  a f u l l y  c a t a l y t i c  w a ll .
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For a r e a l  s u r f a c e ,  some degree o f  c a ta ly s i s  i s  u s u a lly  p re s e n t ,  hence, 
th e  h e a tin g  r a t e  fo r  a f i n i t e  c a ta l y t i c  s u r fa c e  i s  between th e s e  two 
l i m i t s .
The r e s u l t s  fo r  th e  r a t i o  o f  s u r fa c e  h e a tin g  r a te  w ith  
n o n c a ta ly t ic  w a ll to  t h a t  w ith  f u l ly  c a t a l y t i c  w a ll fo r  th e  th r e e  b o d ies  
a r e  shown in  F ig s .  5 .1  ̂ and 5 .1 5 . The r a t i o  d em o n stra te s  th e  maximum 
p o te n t i a l  f o r  a s u r fa c e  h e a t in g - r a te  re d u c tio n  in  th e  p re sen ce  o f  
d is s o c ia te d  n o n eq u ilib riu m  flow  over a f i n i t e - c a t a l y t i c  s u r f a c e .  A ll 
th e  th re e  cu rv es  have th e  same tre n d . The r a t i o s  keep d e c re a s in g  up to  
th e  tangency  p o in t ,  th en  in c re a s e  up to  a  maximum v a lu e  in  th e  
reco m p ressio n  re g io n ,  and f i n a l l y ,  d ec rea se  to  a c o n s ta n t v a lu e  on th e  
f a r  downstream re g io n .  I t  i s  n o tic e d  th a t  th e  lo c a t io n  o f  th e  maximum 
p o in t moves downstream  as  th e  body-ang le d e c re a se s ; i . e . ,  th e  
reco m p ressio n  re g io n  moves downstream a s  th e  body-ang le  d e c re a s e s .
For s t a t i o n s  beyond 100 nose r a d i i  (F ig . 5 .1 5 ) ,  th e  r e s u l t s
0
in d ic a te  l e s s  n o n eq u ilib riu m  e f f e c t s  fo r  th e  s le n d e r  6 cone th a n  th e  
0 0
10 and 20 co n es . As shown in  F ig s . 5 .1 6  and 5 .1 7 , th e s e  can be 
a t t r i b u t e d  to  more d i s s o c ia te d  s p e c ie s  p re s e n t  th ro u g h o u t th e  f lo w f ie ld  
fo r  energy t r a n s p o r t  by d i f fu s io n  to  th e  su rfa c e  fo r  th e  w ider an g le  
cone. In  t h i s  body re g io n  fo r  th e  lower cone a n g le s , c o n d itio n s  
s u f f i c i e n t  to  produce d is s o c ia te d  sp e c ie s  e x i s t  on ly  in  a sm a ll re g io n  
o f  th e  boundary l a y e r .  In  th e  fo re -co n e  re g io n  (F ig . 5 .1 H ), th e  l a r g e s t  
cone an g le  p ro d u ces th e  s m a l le s t  n o n eq u ilib riu m  e f f e c t s  a s  in d ic a te d  by 
h ig h e r v a lu e s  o f  th e  r a t i o .  (T h is  r e s u l t  does n o t imply th e  lo c a l  o r  
t o t a l  h e a tin g  r a t e  to  th e  la rg e r  cone an g le  i s  l e s s . )  As shown in  F ig s . 
5 .18 and 5 .1 9 ,  t h i s  t re n d  may be ex p la in ed  fo r  a g iv en  nose r a d iu s ,  th e
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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flow over th e  sm a lle r  cone ang le  compared to  th e  la r g e r  cone ang le
expands r a p id ly  and r e s u l t s  in  f re e z in g  o f  th e  flow ch em istry  and l a r g e r
p e rcen tag e s  o f  d is s o c ia te d  s p e c ie s .
F ig u re s  5 .2 0  to  5 .2 2  show th e  e f f e c t s  o f  body-ang le  on th e  s u r fa c e
h ea tin g  r a t e s  and w a ll p re s s u re .  F ig u re s  5 .20  and 5.21 g iv e  th e  h e a tin g
r a te s  fo r  a n o n c a ta ly t ic  w all and fo r  a  f u l l y  c a t a l y t i c  w a ll ,
r e s p e c t iv e ly .  The w a ll p re s su re  d i s t r i b u t io n s  a re  i l l u s t r a t e d  in  F ig .
5 .2 2 . S in ce  th e  w a ll c a t a l y t i c i t y  has n e g l ig ib le  e f f e c t  on th e  w a ll
p re s su re , th e  r e s u l t s  a r e  p re se n te d  only fo r  th e  n o n c a ta ly t ic  w a ll .
D ecreasing  th e  body an g le  can reduce th e  w a ll p re s s u re  and h e a t t r a n s f e r
to  th e  s u r fa c e .  Hence, th e  d e s i r a b le  g eo m etrie s  fo r  h y p e rso n ic  v e h ic le s
a re  s le n d e r  long  b o d ie s  in  o rd e r to  reduce th e  h e a t t r a n s f e r  r a t e  and
drag fo rc e  on th e  b o d ie s .  I t  i s  n o tic e d  in  F ig . 5 .22  th a t  th e
* * o
recom pression  re g io n s  s t a r t  a t  s  /Rjj = 3 -0 , 1 0 .0 , and 2 8 .0  f o r  th e  20 ,
0 0
10 and 6 sp h ere  cone, r e s p e c t iv e ly ,  under th e  c o n d itio n  in v e s t ig a te d .
5 .7 .^  E f f e c ts  o f  Nose B lu n tn e ss  and Mach Number
A s tu d y  o f  th e  e f f e c t s  o f  nose b lu n tn e s s  and Mach number on th e
shock s ta n d o f f  d i s ta n c e ,  su rfa c e  h e a t t r a n s f e r  and mass c o n c e n tra t io n  o f
0
0^ a t  th e  s ta g n a t io n  p o in t  o f  a 45 sp h ere  cone i s  conducted  and r e s u l t s
a re  d is c u s se d  h e re . F ree s tream  c o n d itio n s  a re  s e le c te d  a t  90 km, nose 
r a d i i  a r e  0 .305  m to  2 .286  m, and Mach numbers a re  30 to  36. Only 
n o n c a ta ly tic  s u r fa c e  boundary c o n d itio n  i s  co n s id e red .
F ig u re s  5 .2 3  to  5 .2 4  show th e  e f f e c t s  o f  nose b lu n tn e s s  on th e  
shock s ta n d o f f  d is ta n c e  and s u r fa c e  h e a tin g  r a t e  fo r  a Mach number o f 
36. I t  i s  seen  th a t  th e  shock s ta n d o ff  d is ta n c e  in c re a s e s  and s u r fa c e
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h e a tin g  r a t e  d e c re a s e s  as th e  nose r a d iu s  in c r e a s e s .  F ig u re  5 .2 5  shows 
th e  c o n c e n tra t io n  p r o f i l e  o f  0^ fo r  th re e  d i f f e r e n t  nose  r a d i i .  S in ce
th e  shock s ta n d o f f  d is ta n c e  in c re a s e s  as th e  nose r a d iu s  in c r e a s e s ,  bo th  
th e  oxygen and n i t ro g e n  m olecu les have more tim e to  d i s s o c i a t e .  
C onsequen tly , th e  atom ic oxygen and n itro g e n  c o n c e n tra t io n s  a r e  h ig h e r  
in  th e  shock l a y e r .  M oreover, th e  amount o f  energy  abso rbed  by th e  
d i s s o c ia t io n  phenomena h as reduced  th e  te m p e ra tu re  in  th e  shock la y e r  
such t h a t  th e  h e a t  t r a n s f e r  to  th e  w all i s  d e c re a se d .
F ig u re s  5 .2 6  and 5 .27  show th e  e f f e c t s  o f  Mach number on th e  shock 
s ta n d o f f  d is ta n c e  and s u r fa c e  h e a tin g  r a t e  fo r  a  nose r a d iu s  e q u a l to  
0 .914 m. The shock s ta n d o f f  d is ta n c e  d e c re a se s  and th e  s u r fa c e  h e a tin g  
r a te  in c re a s e s  a s  Mach number in c r e a s e s .  At h ig h e r  Mach num bers, th e  
d e n s ity  and p re s s u re  in c re a s e  a c ro s s  th e  shock wave a r e  la r g e r  and hence 
th e  mass flow  b eh in d  th e  shock wave can r e a d i ly  squeeze  th rough  a 
sm a lle r  a r e a .  M oreover, th e  tem p e ra tu re  in c re a s e  a c ro s s  th e  shock wave 
i s  l a r g e r  a s  Mach number in c r e a s e s .  As a r e s u l t ,  a l a r g e r  amount o f 
energy t r a n s f e r s  in  th e  shock l a y e r ;  i . e . ,  th e  amount o f  h e a t t r a n s f e r  
to  th e  s u r fa c e  i s  l a r g e r .  F ig u re  5 .2 8  shows th e  c o n c e n tra t io n  p r o f i l e  
o f  oxygen m o lecu les  f o r  th r e e  d i f f e r e n t  Mach num bers. At th e  h ig h e r  
Mach num bers, oxygen d i s s o c ia t io n  in c re a s e s  due to  th e  la rg e r  shock 
la y e r  te m p e ra tu re .
I t  i s  n o te d  from F ig . 5 .26  th a t  th e  shock s ta n d o f f  d is ta n c e  
changes l e s s  and l e s s  a s  Mach number in c r e a s e s ;  i . e . ,  th e  shock s ta n d o f f  
d is ta n c e  becomes r e l a t i v e l y  in s e n s i t iv e  to  changes in  f r e e  s trea m  Mach 
number a t  h igh  Mach num bers. T h is  i s  an example o f  th e  Mach number 
independence p r in c ip l e .
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
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5 .7 .5  E f f e c ts  o f  th e  Thermodynamic and T ra n sp o rt Curve F i t  R e la tio n s
The polynom ial c u r v e - f i t  fo rm ulas fo r  thermodynamic and t r a n s p o r t  
p ro p e r t ie s  in  [72] a re  based on E sch 's  d a ta  [8 2 ,8 6 ] .  The m ix tu re  
v is c o s i ty  and th e rm a l c o n d u c tiv i ty  i s  o b ta in e d  by W ilk e 's  fo rm ula  [2 7 ] .  
V alues fo r  th e  c o e f f i c i e n t s  in  th e s e  fo rm u las  a re  ta b u la te d  on ly  up to  
15,000 K. However, under c e r t a in  c o n d itio n s  th e  te m p e ra tu re s  in  th e  
shock la y e r  a r e  c o n s id e ra b le  h ig h e r th an  15,000 K. T h e re fo re , new 
polynom ial c u r v e - f i t  fo rm u las fo r  s p e c ie s  t r a n s p o r t  p r o p e r t ie s  have been 
developed from th e  d a ta  o f  Yos [8 7 ,9 3 ] .  The gas m ix tu re  t r a n s p o r t  
p ro p e r t ie s  a re  o b ta in e d  u sin g  th e  method o f  Armaly and S u tto n  [88 ] f o r  
th e  v i s c o s i ty  and Mascn and Saxena [89] f o r  th e  th e rm a l c o n d u c tiv i ty .
The polynom ial c u r v e - f i t  fo rm u las  fo r  thermodynamic p r o p e r t ie s  have been 
extended to  an upper tem p e ra tu re  range  up to  35,000 K by S h inn  [8 3 ] .  
These p ro v id e  a c c u ra te  p re d ic t io n s  a t  h ig h e’’* tem p e ra tu re s  en co u n te red  in 
n o n eq u ilib riu m  c a lc u la t io n s  [2 6 ,7 4 ,7 5 ] .  The P ra n d tl  number in  th e  shock 
la y e r  i s  s e t  eq u a l to  a  c o n s ta n t [2 4 ,2 6 ] or i s  c a lc u la te d  from th e  lo c a l  
thermodynamic a id  t r a n s p o r t  p r o p e r t ie s  [7 5 ,7 5 ] .  A s tu d y  o f  th e  e f f e c t s  
o f  th e  thermodynamic and t r a n s p o r t  p r o p e r t ie s  on th e  s u r fa c e  h e a tin g
O
r a te s  o f  a 6 sp h e re  cone i s  p re s e n te d . F ree s tream  c o n d i t io n s  a re  th o se  
fo r  an a l t i t u d e  o f 53-34 km,a nose r a d iu s  i s  0 .0381 m and a Mach number 
i s  25- A n o n c a ta ly t ic  su rfa c e  boundary c o n d itio n  i s  c o n s id e re d .
S u rfa ce  h e a tin g  r a t e  r e s u l t s  w ith  Yos' a s  w e ll a s  w ith  E sc h 's  
t r a n s p o r t  p ro p e r ty  d a ta  a re  g iv en  in  F ig . 5 .2 9 . The r e s u l t s  o b ta in e d  by 
Thompson [3 4 ] a re  a ls o  shown in  th e  f ig u re  fo r  com parison . The P ra n d tl  
number i s  computed u sin g  lo c a l  thermodynamic and t r a n s p o r t  p r o p e r t ie s .
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The maximum d i f f e r e n c e s  between th e  two s e t s  o f  r e s u l t s  a r e  abou t  f i v e  
p e r c e n t .  The d i f f e r e n c e s  between Thompson's r e s u l t s  and th e  p r e s e n t  
r e s u l t s ,  which a r e  o b ta in e d  u s in g  Yos’ d a ta ,  a re  abou t n in e  p e r c e n t .
The re a so n  fo r  th e  d isc re p an cy  may be due to  u s in g  d i f f e r e n t  shock shape 
and n o rm a l - d i r e c t i o n  g r i d  s i z e .  The o u te r  boundary c o n d i t io n s  depend on 
th e  shock shape ,  and th e  g r a d ie n t s  o f  th e  f l o w f ie ld  q u a n t i t i e s  depend on 
th e  g r i d  s i z e .
F ig u r e s  5 .3 0  and 5.31 show th e  s u r fa c e  h e a t  t r a n s f e r  r a t e s  f o r  
v a r i a b l e  a s  w e ll  a s  c o n s ta n t  P r a n d t l  number. Both Yos’ and E sch’s  d a ta  
have been used to  compute th e  i n d iv id u a l  t r a n s p o r t  p r o p e r t i e s .  The 
c o n s ta n t  P r a n d t l  number i s  s e t  equa l  to  0 .7 2 .  The p r e d i c t i o n s  f o r  t h e  
c o n s ta n t  P r a n d t l  number w ith  E s c h 's  d a ta  a r e  always lower th an  th e  o th e r  
p r e d i c t i o n s .  On th e  o t h e r  hand, th e  p r e d ic t io n s  f o r  th e  v a r i a b l e  
P ra n d t l  number w ith  Yos' d a ta  a r e  th e  h ig h e s t  v a lu e s .  Using Yos' d a t a ,  
h ig h e r  s u r f a c e  h e a t  t r a n s f e r  p r e d i c t i o n s  a r e  o b ta in ed  fo r  c o n s t a n t  o r 
v a r i a b l e  P ra n d t l  number th an  t h a t  using  E s c h 's  d a ta .  The d i f f e r e n c e s  
between t h a t  u s in g  th e  v a r i a b l e  P ra n d t l  number w ith  Yos' d a ta  and t h a t  
u s in g  a c o n s ta n t  P r a n d t l  number w ith  th e  Esch’s  d a ta  a r e  about te n  
p e rc e n t  in  th e  recom press ion  re g io n  and abou t f i v e  p e r c e n t  on t h e  o th e r  
l o c a t i o n s .
5 .8  Conclusions
Numei i c a i  s o l u t i o n s  o f  t h e  v is c o u s  s h o c k - la y e r  e q u a t io n s  under 
n o n eq u i l ib r iu m  ch e m is t ry  c o n d i t io n s  a re  p re s e n te d  fo r  h y p e rso n ic  flow 
over long s le n d e r  b o d ie s .  The method o f  s o l u t i o n  used f o r  t h e  v i s c o u s  
s h o c k - la y e r  e q u a t io n s  i s  a p a r t i a l l y  coupled s p a t i a l -m a r c h in g  i m p l i c i t  
f i n i t e - d i f f e r e n c e  te c h n iq u e .  The flow cases  an a lyzed  in c lu d e
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n o n c a t a l y t i c ,  f i n i t e  c a t a l y t i c ,  and fu l ly  c a t a l y t i c  s u r f a c e s .  R e s u l t s  
from th e  p re s e n t  method show t h a t  th e  coupling between th e  g lo b a l  
c o n t in u i ty  and normal momentum equa tions  i s  e s s e n t i a l  and adequate  to  
o b ta in  s t a b l e  s o l u t io n s  p a s t  long  s len d e r  b o d ies .  The com parisons o f
th e  p re s e n t  p r e d i c t i o n s  w ith  th e  STS-2 lam inar h e a t in g  d a ta  i n d i c a t e
t h a t  th e  oxygen s u r fa c e  r e a c t i o n  r a t e  exp ress ion  o f  Zoby can g iv e  b e t t e r  
agreement w ith  th e  f l i g h t  d a ta  than  th e  e x t r a p o la t io n  o f  ground based 
ex p e r im en ta l  re co m b in a tio n  d a ta .  I t  i s  shown t h a t  n ea r  t h e  s t a g n a t io n  
re g io n  o f  th e  v e h i c l e ,  some degree o f  nonequ ilib rium  flow  p e r s i s t s  to  
a l t i t u d e s  as  low as  50 km.
I t  i s  shown t h a t  s u r f a c e  c a t a l y t i c  e f f e c t s  as  w e ll  a s  body an g le s  
In f lu e n c e  s i g n i f i c a n t l y  th e  s u r fa c e  h ea t  t r a n s f e r  r a t e s .  For a 
n o n c a t a l y t i c  s u r f a c e ,  t h e  h e a t in g  r a t e s  can decrease  more than  50 
p e r c e n t  i n  com parison to  t h a t  f o r  a f u l l y  c a t a l y t i c  s u r f a c e  nea r  th e  
s t a g n a t io n  r e g io n .  These e f f e c t s  become l e s s  s i g n i f i c a n t  in  th e  
downstream r e g io n .  I t  i s  a l s o  shown t h a t  th e  h e a t in g  r a t e  due to  
d i f f u s i o n  f o r  a s m a l le r  body-angle  sphere  cone i s  no t  a s  im p o rtan t  as
f o r  a  l a r g e r  body-ang le  i n  th e  downstream re g io n .
I n  o rd e r  t o  reduce  s u r fa c e  h ea t  t r a n s f e r  r a t e  and d rag  f o r c e  on 
th e  b o d ie s ,  th e  d e s i r a b l e  geom etr ies  o f  hyperson ic  v e h ic l e s  a r e  s le n d e r  
b o d ie s  w ith  b lu n t  n o se s .  Although in c re a s in g  th e  nose b lu n tn e s s  can 
d e c rea se  th e  s u r f a c e  h e a t in g  r a t e ,  i t  w i l l  in c re a se  t h e  p re s s u r e  drag  
c o e f f i c i e n t s .  O p t im iz a t io n  shou ld  be made between th e  d rag  and h ea t  
t r a n s f e r  r a t e .
With thermodynamic and t r a n s p o r t  p r o p e r t i e s  from E s c h 's  d a ta  and 
fo r  a  c o n s ta n t  P r a n d t l  number, th e  p re sen t  method always p r e d i c t s  lower 
h e a t in g  r a t e  th an  t h a t  from Yos' d a t a .  For h ig h e r  tem p era tu re
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1 7 9
c o n d i t io n s ,  th e  polynomial c u r v e - f i t  fo rm ulas  fo r  s p e c ie s  t r a n s p o r t  and 
thermodynamic p r o p e r t i e s  based on Yos' and Browne’s d a ta  can g iv e  b e t t e r  
p r e d ic t io n s  o f  s u r fa c e  hea t  t r a n s f e r .




A method fo r  so lv in g  th e  v isco u s  s h o ck - la y e r  e q u a t io n s  f o r  
hyperson ic  flow s over long s le n d e r  bod ies  i s  p re s e n te d .  These eq u a t io n s  
a r e  so lved  by employing a s p a t i a l - m a r c h in g , i m p l i c i t  f i n i t e - d i f f e r e n c e  
te ch n iq u e .  The two f i r s t - o r d e r  eq u a t io n s ,  c o n t in u i ty  and normal 
momentum, a r e  so lv ed  s im u ltan e o u s ly  as a coupled s e t .  T h is  method 
y i e l d s  a s im ple  and c o m p u ta t io n a l ly  e f f i c i e n t  te c h n iq u e .
A wide range  o f  flow c o n d i t io n s  has been c o n s id e re d  in t h i s  s tu d y .  
Th is  in c lu d e s  c o n d i t io n s  from h igh  Reynolds number a t  low a l t i t u d e s  to  
low Reynolds number a t  h igh  a l t i t u d e s .  At low a l t i t u d e s ,  t h e  h y p erso n ic  
flow over a s l e n d e r  body u s u a l ly  becomes tu rb u le n c e .  Two a l g e b r a i c  
tu rb u le n c e  models, Cebeci-Sm ith and Baldwin-Lomax, have been used w ith  
th e  p re s e n t  num erica l  te ch n iq u e  fo r  a p p l i c a t io n  to  long s le n d e r  b o d ie s .  
At high a l t i t u d e s ,  th e  low d e n s i ty  e f f e c t s  become im p o r ta n t .  R ecen tly  
ob ta ined  s u r f a c e - s l i p  and c o r r e c te d  s h o c k - s l ip  c o n d i t io n s  a r e  employed 
to  account f o r  th e s e  e f f e c t s .  At h igher  a l t i t u d e s ,  th e  gas becomes 
chem ica lly  r e a c t i n g .  Under c e r t a i n  c o n d i t io n s ,  the  flows a r e  
c h a r a c te r i z e d  by chem ical n o n eq u il ib r iu m  c o n d i t io n s  in  th e  shock l a y e r .  
Numerical s o l u t i o n s  under th e s e  c o n d i t io n s  a r e  a l s o  o b ta in e d  fo r  long 
s le n d e r  b o d ie s .
R e s u l t s  f o r  d i f f e r e n t  c o n d i t io n s  a re  o b ta in ed  fo r  ax isym m etric  
b od ies  a t  an an g le  o f  a t t a c k  o f  z e ro  d eg ree .  D e ta i le d  com parisons have
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been made w ith  o th e r  p r e d i c t i o n s  and ex p e r im en ta l  d a ta  f o r  s l e n d e r  body 
flows t o  a s s e s s  t h e  accu racy  o f  th e  p re s e n t  num erical  t e c h n iq u e .  The 
r e s u l t s  show t h a t  th e  co u p l in g  between th e  c o n t in u i ty  and normal 
momentum e q u a t io n s  i s  e s s e n t i a l  and adequate  to  o b ta in  s t a b l e  and 
a c c u ra te  s o l u t io n s  p a s t  long  s le n d e r  b o d ie s .  T h is  i s  t r u e  f o r  b o th  t h e  
ch em ica l ly  n o n re a c t in g  and r e a c t i n g  f low s.
I t  i s  shown t h a t  bo th  t h e  C ebeci-Sm ith  and Baldwin-Lomax models
a r e  ad eq u a te  fo r  a p p l i c a t i o n  t o  long s le n d e r  b o d ie s .  Due to  th e
s e n s i t i v i t y  o f  th e  C ebeci-Sm ith  tu rb u le n c e  model to  th e  boundary l a y e r
edge l o c a t i o n ,  i t  i s  im p e ra t iv e  t h a t  th e  num erica l  method p ro v id e  good
r e s o l u t i o n  and a c c u r a te  s o l u t i o n s  near  th e  boundary l a y e r  edge .  The
Baldwin-Lomax tu rb u le n c e  model, which av o id s  th e  use  o f  c o n v e n t io n a l
boundary l a y e r  th i c k n e s s  in  i t s  fo rm u la t io n ,  appears  more co n v e n ie n t  to
implement. However, i t  has  been shown t h a t  th e  c o n s ta n t ,  C , dependscp
on th e  flow Mach number. Based upon t h i s  s tu d y  and o th e r  
i n v e s t i g a t i o n s ,  a l i n e a r  dependence o f  t h i s  c o n s ta n t  w ith  Mach number i s  
su g g e s te d .  F u r th e r  com parisons w ith  ex p e r im en ta l  d a ta  a r e  needed to  
v e r i f y  t h i s  dependence.
Using th e  c o r r e c t e d  s l i p  models, th e  v is c o u s  s h o c k - la y e r  
p r e d i c t i o n s  compare q u i t e  f a v o ra b ly  with  ex p e r im en ta l  d a ta .  The s l i p  
e f f e c t s  become i n s i g n i f i c a n t  in  th e  downstream r e g io n  or a t  a l t i t u d e s  
l e s s  th an  ab o u t  60 km f o r  geometry and c o n d i t io n s  c o n s id e r e d  in  t h i s  
s tu d y .  S i g n i f i c a n t  s l i p  e f f e c t s  a re  observed  p r im a r i ly  in  th e  
s t a g n a t i o n  r e g io n .  Comparison between N a v ie r -S to k es  and v i s c o u s  shock-  
l a y e r  r e s u l t s  i n d i c a t e s  t h a t  v i s c o u s  sh o c k - la y e r  e q u a t io n s ,  even w ith  
body and shock s l i p ,  do not g iv e  p h y s ic a l ly  c o n s i s t e n t  r e s u l t s  in  th e
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s t a g n a t io n  r e g io n  above approx im ate ly  75 km a l t i t u d e  fo r  th e  c o n d i t io n s  
co n s id e red  h e re .
The p r e s e n t  p r e d i c t i o n  w ith  f i n i t e - r a t e  chem is try  y i e l d s  good 
comparison w ith  t h e  STS-2 lam inar  h e a t in g  d a ta .  Near th e  s t a g n a t i o n  
re g io n  o f  th e  v e h i c l e ,  some deg ree  o f  n o n eq u i l ib r iu m  flow can p e r s i s t  to  
a l t i t u d e s  as  low a s  50 km. Under chemical n o n eq u i l ib r iu m  c o n d i t i o n s ,  
th e  s u r f a c e  c a t a l y t i c  e f f e c t s  can in f lu e n c e  s i g n i f i c a n t l y  th e  s u r f a c e  
h ea t  t r a n s f e r .  For a n o n c a t a l y t i c  s u r f a c e ,  th e  h e a t in g  r a t e s  can 
d ec rea se  more than  50 p e rcen t  in  comparison to  t h a t  f o r  a f u l l y  
c a t a l y t i c  s u r f a c e  n ea r  th e  s t a g n a t i o n  re g io n .  T hese  e f f e c t s  become l e s s  
s i g n i f i c a n t  in  th e  downstream re g io n .  The h e a t in g  r a t e  due t o  d i f f u s i o n  
fo r  a  sm a l le r  bo d y -an g le  sp h ere  cone i s  n o t  a s  im p o r tan t  a s  f o r  a l a r g e r  
body-angle  sp h e re  cone in  th e  downstream re g io n .
For f u r t h e r  s tu d y ,  i t  i s  recommended t h a t  th e  p re s e n t  method be 
used t o  s tu d y  th e  fo l lo w in g  p h y s ic a l  problems
1. in c o rp o r a te  s u r fa c e  and shock s l i p  c o n d i t io n s  in  th e  f i n i t e  
r a t e  ch em is try  code t o  i n v e s t i g a t e  th e  low d e n s i ty  e f f e c t s .
2. in c r e a s e  th e  number o f  s p e c ie s ,  i n c lu d in g  io n iz e d  s p e c i e s .
3. i n c o rp o r a te  a conven ien t r a d i a t i v e  t r a n s f e r  model t o  
i n v e s t i g a t e  th e  e f f e c t s  o f  r a d i a t i v e  h e a t  t r a n s f e r  in  th e  
shock l a y e r .
4 . a n a ly z e  th e  e f f e c t s  o f  an g le  o f  a t t a c k  by dev e lo p in g  t h r e e -  
d im en s io n a l  v i s c o u s  s h o c k - la y e r  e q u a t io n s .
5 .  modify th e  v is c o u s  s h o c k - la y e r  e q u a t io n s  w ith  e q u i l ib r iu m  
ch e m is try  f o r  long s le n d e r  b o d ie s .
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APPENDIX A
COEFFICIENTS OF CONTINUITY AND NORMAL MOMENTUM 
EQUATIONS AS A COUPLED SET
The c o e f f i c i e n t s  o f  Eqs. (3 -6 0 )—C3-65) a re  g iven  in  t h i s  append ix .  
For a  p e r f e c t  g a s ,  th e  c o e f f i c i e n t s  in  Eqs. (3 .6 0 )—(3 .6 3 )  a re  g iv en  as
( r * V l / 2 n 3hCOSe!<1* V l / 2 nsh ,!) ,d „ ,
e , n + 1 / 2 -----------------------------f t   ( d f  (A- ' )n n+1/2
(  r+ T 1r,*  1 /  On oV,0 0 3 0  ) 1 +  *  1 /  o n oV,K )B   m l 7-2. sh__________n+1/2 3h u  2 )
c, n+1/2 An W  1 ' d )n n+1/2
C ns h ( r " V l / 2 n sh COse)um.n+1/2
c ,n + 1 /2  " 2A5m_1 pm>n+1/2
^ r * \ + 1 / 2 n s h c0se)(1+nn+1/2nsh |i:) vm,n+1/2 
Ann pm,n+1/2
ns h ( r 't'nn+1/2n 3hc039)Tln+1/2um,n+1/2^ d g ) (A }
Ann pm,n+1/2 dn n+1/2
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p = sn n+i / ^  an_____ m,n+1/2
c ,n + 1 /2  “ 2AE , psra-1 n+1/2
^ r *nn*1/2n 3hcos9)[1+nn-*1/2nsh<) V n * 1/2
AT1n ^m,n+1/2
ns h ( r 't'nn+1/2n s h cose) V - 1 / 2 um,n+1/2i
Ann pm,n+1/2 d7f n+1/2
(A. U)
_ n3h(r+ V l / 2 n3h COS9) V n + 1 / 2 . +
c , n + 1 / 2 ’  2 H m_ ,  Pm>n+ i / 2  Pm-1,n+1 pm-1,n
n3h(r+nn+1/2n 3h c03e)
, , um,n+1/2.
x m,n+1 + um,n um-1,n+1 um-1,n T .’ ’ m,n+1/2
x FT + L m,n+1
-  x
m,n m-1,n+1
n . u ,3n m,n+1/2
:< r*',n * lnShc o s 9 ) n, * <r* V s h ° ° s e ) a
( r + ^ J. i nov,c0S6L  1 "  ( r+ n_n . co30) ] +n+1 sn m-1 n sn m-1
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( r * y i / 2 na ° M 9 ) ( 1 » V l / 2 ” . h lciT. . n » 1 / Z .d«
iT1n Tm,n+1/2 dn n + 1 /2
„ (T -  T 1 .  n^ ni + 1 / 2 ( r < y i / 2 n3h°°S6)
m,n+1 m,n An
X ^  tu m . . .  -  u -  ( i s ^ 2 )
n+1/2  m’ n+1/2  m’n m, n+1/2
X (Tm,n+1 ~ Tm ,n ^  + "s l i’ s h V M ^ V  n + 1 /2COS0 ~
^,n+1/2nshCK(r+V l / 2 nshOOSe) + cose( 1+ nn s h K)] ( A .5)
, = n3hum,n+1/2pm,n+1/2
NM,n+1/2 ^ W ^ V l ^ s h 10
,-nshnn+1/2Um, n+1 /2 Pm, n+1/2 Pm,n+1/2Vm,n+1/2-.
ATln(1 + V l / 2 nshK) " Apn
x ( ^ )  (A.6)
an n+1/2
_ nshum ,n+1/2pm,n+1/2 rns h l’1n+1/2um,n+1/2pm ,n 1 /2
N M ,n + 1 /2 '  2ACm. 1 d + V l / 2 nshO  L * V 1+\ + 1 / 2 r sh K)
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C « <Y~1. m ,n+1/2 .dg. .
NM,n+i/2 Y AT) W  (A' 8)n n+1/2
NM, n+1/2  y Ann V n+1/2 (A .9)
2
_ _ nsh^m>n+1/2um,n+1/2ic
TIM,n+1/2 '  d +V l / 2 n sh ,c)
nsh um,n+1/2pm,n+1/2 , ,
v , -n*1 v ’ ' n
For a m ulticomponent m ix tu re ,  th e  c o e f f i c i e n t s  A B ,
*  c ,n + 1 /2 ,  c ,n + 1 /2 ,
c „ ^ 1/ 0  and D .̂1 / 0  a r ® th e  same as  Eqs. (A.1) t o  (A .4) and E ,c , n + 1/2 c ,n + i / 2  c ,n + i / 2
i s  equa l  to  Eq. (A.5) p lu s  t h e  fo l lo w in g  terms
rW ^ V l/2nsh°03i,)Vn*1/2
2lEm-1 Mm,n+1/2 ” ' n*1 » • "
„ . (r*Vi/2nsh°°3e)(1*Vi/2,W::iv,i.n+i/2 ,<£,
nr1'n * \  V.+1/2 d" n+1/2
R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
1 9 5
x (M M ) + ns h V l / 2 ( r+ V l / 2 n s h cos9)um.n-^1/2
m>n+1 m’ n Mm,n+1/2
X (Mm,n+1 "  Mm,n5 (A*11)
ANM,n+1/2, BNM,n+1/2 30(1 SlM,n+1/2 a r e  same a s  EqS- (A. 6 ) ,  (A.7) and 
(A.1 0 ) .  The te rm s and DNM>n+1/2 a r e  e x p re s se d  as
C «_r_____ 5 x_mi n+1_/2 dg .
m,n+1/2 p,®
* T
n ,  _ r R s m,n+1/2 ,dg.
NM,n* ’ / 2  " » „ * , / 2 < -  ^  m,n+1  p,®
The c o e f f i c i e n t s  K to  Kg in  Eqs. (3-64) and (3 .6 5 )  a r e  g iven  by
K1 “ (Ac ,n + 1 /2 CNM,n+1/2 “ 'SlM,n+1/2Cc ,n + 1 /2 5(Bc ,n - 1 / 2 ANM,n-1/2
"  BNM,n-1/2Ae ,n + 1 /2 5 (A .14)
K2 “ (Ac ,n + 1 /2 DNM,n+1/2 "  SfM,n+1/2Dc ,n + 1 /2 5(Bc ,n - 1 / 2 ANM,n-1/2
BNM, n-1 / 2Ac , n-1 / 2 5 "  (Ac ,n + 1 /2 BNM,n+1/2 “ ANM,n+1/2Bc ,n + 1 /2 5
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K3 '  ~ (Ac , n + 1 / 2 EN M ,n + 1 / 2  '  n + 1 / 2 Bc , n + 1 / 2 5 ( B c , n - 1 / 2 DN M , n - 1 / 2
~ BNM,n-1/2Dc , n - 1 / 2 ) (A .16)
KH “ ~ (Ac ,n + 1 /2 ENM,n+1/2 ~ ANM,n+1/2Ec ,n + 1 /2 )(B c ,n - 1 /2 ANM,n-1 /2
BNM,n-1/2Ac , n - 1 / 2 ) " (Ac ,n + 1 /2 BNM,n+1/2 "  ANM,n+1/2Be ,n + 1 /2 )
X (Bc ,n - 1 / 2 ENM,n-1/2 “ BNM,n-1/2Ec , n - 1 / 2 ) (A .17)
K5 “ (Cc ,n + 1 /2 ANM,n+1/2 ~ CNM,n+1/2Ac ,n + 1 /2 )(Dc ,n - 1 / 2 CNM,n-1/2
" DNM,n-1/2Cc , n - 1 / 2 ) (A .18)
K6 “ (Cc ,n + 1 /2 BNM,n+1/2 ~ CNM,n+1/2Bc ,n + 1 /2 )(Dc , n - 1 / 2 CNM,n-1/2
DNM,n-1/2Cc , n - 1 / 2 ) ~ (Cc ,n+ 1/2DNM,n+1/2 ~ CNM,n+1/2Dc,n+1/2)
X (Dc ,n - 1 / 2 ANM,n-1/2 ~ DNM,n-1/2Ac , n - 1 / 2 ) (A .19)
K7 “ ~ (Cc ,n + 1 /2 DNM,n+1/2 “ CNM,n+1/2Dc ,n + 1 /2 )(D c ,n - 1 / 2 BNM,n-1/2
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K8 “ ^Cc ,n + 1 /2 ENM,n+1/2 ~ CNMt n+1/2Ec ,n + 1 /2 )(Dc , n - l / 2 CNM,-1/2
DNM,n-1/2Cc , n - 1 / 2 ) "  (Cc ,n+ 1 /2DNM,n+1/2 "  CNM,n+1/2Dc ,n + 1 /2 )
x (Dc ,n - 1 / 2 ENM,n-1/2 ~ DNMI n -1 /2 Ec , n - 1 / 2 ) (A .21)
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APPENDIX B
NAVIER-STOKES EQUATIONS IN THE BODY ORIENTED
COORDINATE SYSTEM
The s t e a d y - s t a t e  form o f  th e  N av ie r-S tokes  eq u a tio n s  i s  ta k e n  from 
Anderson and Moss [233 . For an axisym m etric  or tw o-d im ensional  body a t  
ze ro  ang le  o f  a t t a c k ,  th e s e  eq u a t io n s  in  th e  b o d y -o r ie n te d  c o o r d in a te  
can be w r i t t e n  in  th e  form o f  Eq. ( 2 .2 5 ) .  A l l  th e  c o e f f i c i e n t s  in  Eqs. 
(2 .26) t o  (2 .3*0 a r e  th e  same ex cep t  Eqs. ( 2 .2 8 ) ,  (2 .3 2 )  and (2 .3 6 )  a re  
need t o  modify. T h is  m o d i f ic a t io n  i s  g iven  in  t h i s  appendix .
For th e  s t e a d y - s t a t e  N av ie r-S tokes  e q u a t io n s ,  c o e f f i c i e n t
appearing  in  Eq. (2 .2 5 )  should  be re p la c e d  by a ^ .  which i s  d e f in e d  a s :
s-momentumu
(H0T)s (3 .1 )
Energy E qua tion
e2 (p /P r )
[u(H0T)s + (H0T)e 3 (B.2)
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where in  Eqs. (B .1) and (B.2) i s  g iven  by Eqs. (2 .2 8 )  and ( 2 .3 2 ) ,
r e s p e c t i v e l y .  A b b re v ia t io n  HOT in  Eqs. (B.1) and (B.2) r e p r e s e n t s  
h ig h e r -o rd e r  te rm s ,  and s u b s c r ip t s  ' s '  and ' e '  imply te rm s in  t h e  s -  
momentum and energy e q u a t io n s ,  r e s p e c t i v e l y .
The normal momentum eq u a tio n ,  Eq. ( 2 .3 6 ) ,  fo r  th e  N a v ie r -S to k es  
model i s  m od if ied  to
where th e  f i r s t  term  i n  Eq. (B .3) im p l ie s  th e  e n t i r e  l e f t - h a n d  s i d e  o f  
Eq. ( 2 .3 6 ) ,  and th e  second term r e p re s e n t s  th e  h ig h e r - o rd e r  te rm s in  th e  
n-momentum e q u a t io n .
The h ig h e r - o r d e r  terms appearing  in  Eqs. (B .1) th rough  (B .3)  a re  
d e f in e d  as:
(B .3)
2 9C e r 1 e2
11 nSh Sn dn'
x [■
x [ _ 2< + _ C039
1+nn . <  r + m . c o s e  sh sh




„ 2 3 (r+nn cose)____________ U__________  r  sn — . T
(l + nnshic)(r+rilishcos0) [ 35 ‘  m sh cos9^
n*
I 1 p3u _ -  sh 3u dg- . _______
X (1 +TTn *c) 3£ n n 3n dn" (1+nishK  5 sh   ( l+nnsh*:)( r+nn gh cose)
3(r+nn . c o s e )  r Sh — . -  p K cos6Ct=------------------- '  n n ’ cose] + v[ - ——---------------= — =■-------35 sh l + nn k r+nn .c o s e ]}sh sh
(1+r,nshK) 35
3Cil nch 3CJl H fT[_ J i -  - S h  _ i  d |3 +
e 2C„
nsh 3ti dn‘ ( 1+nn shK )(r+nnshcose)
[ 3{ "  nsh °  8  ̂ * n . h 3n d n  nsh 3n dn
2 2 e kCq e C cose
+ — =   + — =—  -------  (B 5)1+nn . k r+nn .c o s e  sh sh
. 2  3C, n l ta 3C,____________ £____________ p__i_ _ — a i  __ i_ dft,
(1+nnshK)(r+nnsh cose) L35 n ngh 3n dn
e 2 3C8 -  nih  3C8
d + n n sh K)(r+nns h cose)
_  p s h ___  dg3
0  35 ~ n n . 35 dnJ
2 2
+ 9 l ^  + 
+ 8 2e2p{ ( 1+nn sh<) ( r+ nnsh c o s e )
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3(r+nn . c o s e )r sh -  , vcose ,2x [ t t ------------------------n n '  cos0 j + . -------—------------- .}3 5 sh ( r  + n n  . c o s e )CP
2 , r 1 f3v -  nsh 3v dgi-,2 
‘  ( SC "  " Sn drT
n*+ 2 c_3v _ -  sh  3v dg-ir 1 3u dg u<
(l+ nngh<) 3& '  n n sh 3n dnJ ngh 3n dn " H n n sh< J
-  e2Cn  ( B .6 )
V a r ia b le s  through ap p earin g  in  Eqs. (B. )  th rough  (B .6) a r e  g iv en  
by :
n *„ 4 r 1 r 3u -  sh 3u dg, vie
1 “ 3 p I(1+ifns h K) [ 35 “ r  nsh 3n drf3 0 +nngh*c) (B*7)
2 , 1  3v dg , v
*  o w i t : —  s z  ‘t i  +  j :  - j  ■=
cose
2 3 nsh 3n dn r  + nhghcose d + n n ghic)(r+nnghcos9)
2 f 0 ^w \ *  • ' I * *  w  v v w v /
X  -------------------------T | n^h cose]}  (B .8)
* .  ! a  | i  ®  (B.9 ,
3 (1»ShshK) ‘•SC nsh Sn air
n f
c [ 1 rSv -  _sh 3v dg., + 1 3u dg uic
" v l d + n n sh<) L3£ "  ^ n ^  3n dlH + ngh 3n dTf "  l +nnghtc} (B .10)
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3(r+nn . c o s e )  
r sh ~  ( < cose[---------57--------------n n '  cose] + v[— 7------  +--— =--------- -]}95 sh l + nh . k r+nn .c o s esh sh
(B .12)
r+nn . c o s e  n '  .
C -t v  f 3h If -  n 3h 9H dg-. ra 131
7 Fr 1 1+nn ic J l 35 n n„. 9n dnJ (B-13)sh * sh
r+nn . c o s e  « n '  . .c _ uu r sh w 9 u  _ -  sh 9u dg '







( 1 - ^ s h 10 ( l+ n h shO
|-0U
35
n ' „ .
S "  3 u  d E - -
“sh v 11 dn"
(B.15)
c > 2 u { ( _ l _  I x  i*S) V cose_________________ u__________
1C " ngh 9n dn r+nnghcose d  + n h ^ ic K r + n h ^ c o s e )
9(r+r,n cose) _  
x C ------------- n n^h cose]}  (B.16)
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n f2 , 1 r 3u -  sh du agi , r
C-- “ T  Ca? ~ h 7 T ~  * 7  T itJ  < 7 7 7 = .11 3 (1+rTn k ) 35 n 3n drfJ ( 1 + nn k) ( r+nn , c o s e ) 'sn sn sh sh
X  [■
3(r+nri . c o s e )  _______sh_____
35
-  n n '  cose] + |§ .sh ngh 3n dn
r k cose -,,2
v ^1+rfn hK r+nn cose (B -17)sh sh
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